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Abstract

We address a major discrepancy in matching methods for causal inference in observational data.
Since these data are typically plentiful, the goal of matching is to reduce bias and only secondarily
to keep variance low. However, most matching methods seem designed for the opposite problem,
guaranteeing sample size ex ante but limiting bias by controlling for covariates through reductions
in the imbalance between treated and control groups only ex post and only sometimes. (The
resulting practical difficulty may explain why many published applications do not check whether
imbalance was reduced and so may not even be decreasing bias.) We introduce a new class of
“Monotonic Imbalance Bounding” (MIB) matching methods that enables one to choose a fixed
level of maximum imbalance, or to reduce maximum imbalance for one variable without changing
it for the others. We then discuss a specific MIB method called “Coarsened Exact Matching”
(CEM) which, unlike most existing approaches, also explicitly bounds through ex ante user choice
both the degree of model dependence and the causal effect estimation error, eliminates the need
for a separate procedure to restrict data to common support, meets the congruence principle, is
approximately invariant to measurement error, works well with modern methods of imputation for
missing data, is computationally efficient even with massive data sets, and is easy to understand
and use. This method can improve causal inferences in a wide range of applications, and may be
preferred for simplicity of use even when it is possible to design superior methods for particular
problems. We also make available open source software which implements all our suggestions.



1 Introduction
Observational data are often inexpensive to collect, at least compared to randomized experiments,
and so are typically in plentiful supply. However, key aspects of the data generation process —
especially the treatment assignment mechanism — are unknown or ambiguous, and in any event
are not controlled by the investigator. This generates the central dilemma of the field, which
we summarize as: information, information everywhere, nor a datum to trust (with apologies to
Samuel Taylor Coleridge).

Matching is a nonparametric method of controlling for some or all of the confounding influ-
ence of pretreatment control variables in observational data. The key goal of matching is to prune
observations from the data so that the remaining data have betterbalancebetween the treated and
control groups, meaning that the empirical distributions of the covariates (X) in the groups are
more similar. Exactly balanced data means that controlling further forX is unnecessary (since it
is unrelated to the treatment variable), and so a simple difference in means on the matched data can
estimate the causal effect; approximately balanced data requires controlling forX with a model
(such as the same model that would have been used without matching), but the only inferences nec-
essary are only those relatively close to the data, leading to less model dependence and reduced
statistical bias than without matching.

The central dilemma of matching in observational data means that model dependence and
statistical bias are usually much bigger problems than large variances.1 The key problem we
address is that most matching methods seem designed for the opposite problem. They guarantee
the matched sample size ex ante (thus fixing most aspects of the variance) and produce some level
of reduction in imbalance between the treated and control groups (hence reducing bias and model
dependence) only as a consequence and only sometimes. That is, the less important criterion is
guaranteed by the procedure, and any success at achieving the most important criterion is uncertain
and must be checked ex post. Because the methods are not designed to achieve the goal set out
for them, numerous applications of matching methods fail the check and so need to be repeatedly
tweaked and rerun.

This disconnect gives rise to the most difficult problem in real empirical applications of match-
ing: In many observational data sets, finding a matching solution that improves balance between
the treated and control groups is easy for most covariates, but the result often leaves balance
“slightly” worse for some other variables at the same time. Thus, analysts are left with the nag-
ging worry that all their “improvements” in applying matching may actually have increased bias
in making causal inferences.2

Continually checking balance, rematching, and checking again until balance is improved on
all variables is the best current practice with existing matching algorithms. The process needs
to be repeated multiple times because any change in the matching algorithm may alter balance
in unpredictable ways on any or all variables. Perhaps the difficulty in following best practices
in this field explains why many applied articles do not measure or report levels of imbalance at
all, and appear to run some chosen matching algorithm only once. Moreover, even when balance
is checked and reported, at best a table comparing means in the treatment and control groups

1As Rubin (2006) writes, “First, since it is generally not wise to obtain a very precise estimate of a drastically wrong
quantity, the investigator should be more concerned about having an estimate with small bias than one with small
variance. Second, since in many observational studies the sample sizes are sufficiently large that sampling variances of
estimators will be small, the sensitivity of estimators to biases is the dominant source of uncertainty.”

2The consequence for estimating the average treatment effect of an increase in imbalance for some variables is
unknown because it depends on the importance of each variable in affecting the outcome; because importance cannot
be estimated without reference to the outcome variable; and because of what might be called The Prime Directive, the
fundamental principle accepted throughout the matching literature that the outcome variable should be ignored while
matching (except in very special cases) so as to avoid inducing selection bias (yet another example of the focus of the
literature on bias over variance).
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is included. Imbalance due to differences in variances, ranges, covariances, and higher order
interactions are typically ignored. This of course is a real mistake, since any one application of
most existing matching algorithms is not guaranteed (without balance checking) to do any good
at all. Of course, its hard to blame applied researchers who might quite reasonably expect that a
method touted for its ability to reduce imbalance might actually do so when used once.

We introduce a new Monotonic Imbalance Bounding (MIB) class of matching methods, and
discuss a simple and widely applicable method from the class, that inverts the process and thus
guarantees a fixed level of balance ex ante between the treated and control groups. This level is
chosen by users on the basis of specific, intuitive substantive information which they demonstrably
have. (If you understand the trade-offs in drawing a histogram, you will understand how to use
this method.) Improvements in the bound on balance for one covariate can be studied in isolation
with our approach because they are known to have no effect on the maximum imbalance in each
of the other covariates. We show that our method controls, up to specified levels, for all imbal-
ances in central absolute moments, comoments, coskewness, interactions, nonlinearities, and other
multidimensional distributional differences between treated and control groups, which most other
methods do not address. In fact, the method controls not only covariate imbalance; it also explic-
itly controls the degree of model dependence and, more importantly, the size of estimation error
(and statistical bias) in the causal quantity of interest. Although most matching methods attempt to
approximate a classic experiment with complete randomization, our approach produces additional
local balance (and the resulting efficiency) by attempting to approximate the superior randomized
block experimental design.

Whereas most prior matching methods must be preceded by an entirely different algorithm
limiting covariates to areas of common empirical support, our approach does this automatically
as a natural part of the same matching algorithm. The method is approximately invariant to mea-
surement error and the global multivariate differences between treated and control groups are
controllable by easy-to-understand local decisions about specific variables and their measurement
characteristics. The method avoids the troubling difficulty in existing matching methods of work-
ing with modern methods of imputation for missing data. The algorithm is fast and efficient, even
with extremely large data sets, with speed scaling linearly with the number of variables. The same
algorithm can be used for binary or multi-category treatments, and for pre-randomization blocking
in experiments. With this paper, we make available free, open source, and easy-to-use software
that implements these methods.

Our approach can improve causal inferences across a very wide range of applications, and thus
is designed as an easy default choice or first line of defense in protecting users from the threats to
validity in making causal inferences. The method is not necessarily optimal in every application
and may be out-performed in specific cases by methods designed or tuned for specific data sets in
ways we discuss, usually at the cost of more work designing special procedures. In what follows,
we introduce our notation and setup (Section 2), describe the method we introduce (Section 3),
characterize the new class of matching methods into which our method falls (Section 4), discuss
the methods other properties (Section 5), and extend it in various ways (Section 6). We then show
in simulated and real data how it works in practice (Section 7) and conclude with a discussion of
what can go wrong when using this approach (Section 8).

2 Preliminaries
This section describes our setup. It includes our notation, definitions of our target quantities of
interest, some simplifying assumptions, a brief summary of existing matching methods and post-
estimation matching, a general characterization of error in estimating the target quantities, and
how to measure imbalance.
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2.1 Notation

Consider a sample of unitsn randomly drawn from a population ofN units, wheren ≤ N . For
unit i, denoteTi as an indicator variable with valueTi = 1 if unit i receives the treatment (and so
is a member of the “treated” group) andTi = 0 if not (and is therefore a member of the “control”
group). The outcome variable is denotedY , whereYi(0) is the potential outcome for observationi
if the unit does not receive treatment andYi(1) is the potential outcome if the (same) unit receives
treatment. For each observed unit, the observed outcomeYi = TiYi(1) + (1 − Ti)Yi(0) and so
Yi(0) is unobserved ifi receives treatment andYi(1) is unobserved ifi does not receive treatment.

To compensate for the observational data problem where the treated and control groups are not
necessarily identical before treatment (and, lacking random assignment, not the same on average),
matching estimators attempt to control for pre-treatment covariates. For this purpose, we denote
X = (X1, X2, . . . , Xk) as ak-dimensional data set, where eachXj is a column vector of length
n, containing the observed values of pre-treatment variablej for then observations in the sample
(andN observations from the population). That is,X = [Xij , i = 1, . . . , n, j = 1, . . . , k].

2.2 Quantities of Interest

As usual, the treatment effect for uniti, TEi = Yi(1) − Yi(0), is unobserved. All relevant causal
quantities of interest are functions of TEi, for different groups of units, and so must be estimated.
The most common include thesample(SATE) andpopulation(PATE)average treatment effect:

SATE =
1
n

n∑
i=1

TEi PATE =
1
N

N∑
i=1

TEi,

and thesample(SATT) andpopulation(PATT) average treatment effect on the treated:

SATT =
1

nT

∑
i∈T

TEi PATT =
1

NT

∑
i∈T ∗

TEi,

wherenT =
∑n

i=1 Ti andT = {i : 1 ≤ i ≤ n ∩ Ti = 1} andNT =
∑N

i=1 Ti andT ∗ = {i : 1 ≤
i ≤ N ∩ Ti = 1}. See Imbens (2004); Morgan and Winship (2007).

Although SATE and SATT may be the quantities of interest in and of themselves, without
regard to a population beyond the sample data, we can write, under the assumption that the sample
is randomly drawn from the relevant population,E(SATE) = PATE andE(SATT) = PATT
(where the expected value operator averages over random samples). Separately, ifT is randomly
assigned, we can writeE(SATT) = SATE (where the expected value operator here averages over
different random assignments ofT ), but we do not make this assumption.

2.3 Simplifying Assumptions

We begin with three simplifications and decisions. First, we make the standard assumption, known
as “no omitted variable bias” in the social sciences, “ignorability” in statistics, and “unconfound-
ing” in epidemiology, thatX is defined such that conditional onX, the treatment variable is
independent of the potential outcomes:P (T |X, Y (0), Y (1)) = P (T |X).

Second, as with most matching-based estimators, we focus on SATT (or PATT) so that, by
retaining all treated units and matching on controls, the process of pruning observations does not
necessarily change the target quantity of interest, as would not be the case for SATE or PATE
(which prune both treated and control units). This convention in the methodological literature is a
reasonable but practical decision, chosen because SATE or PATE are not amenable to straightfor-
ward matching-based estimation. Of course, the initial set of units in observational data is almost
always arbitrary to some degree anyway. This decision implies that, for each observation,Yi(1)
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is always observed, whileYi(0) is always estimated (usually by choosing values from the control
units via some matching algorithm or applying some model).

And finally, another common practical decision is to go another step and match both treated
and control units. The result changes the estimand, which is not unreasonable so long as one is
transparent about the choice and the consequences in terms of the new set of units over which the
causal effect is defined. We also follow this convention and recommend it to users for applications
(as, e.g., Crump et al., 2006), although all methods and results we discuss below also hold if we
keep all treated units and thus retain a fixed target quantity of interest. The situation is similar
to most randomized experiments which do not select subjects randomly, and so have an estimand
that is also defined over a somewhat arbitrary set of units (such as patients who happen to show
up at a hospital and agree to be enrolled in a study, or those who fit conditions researchers believe
will demonstrate larger causal effects). Related examples include local average treatment effects,
regression discontinuity designs, and many others.

2.4 Overview of Existing Matching Methods

This section outlines the most commonly used exact and approximate matching methods. To begin,
one-to-one exact matchingis an algorithm that estimates the unobservedYi(0), corresponding to
each observed treated uniti (with outcome valueYi and covariate valuesXi), with the outcome
value of a control unit (denoted̃Y` with covariate values̃X`), chosen such that̃X` = Xi. We
denote the resulting estimate ofYi(0) as Ŷi(0). More generally and to increase efficiency the
alternativeexact matchingalgorithm usesall control units that match each treated unit (i.e., allXi

such thatX̃` = Xi).
The problem of course is that typically neither form of exact matching is possible for all treated

units, in which case the exact matching estimator does not exist. If exact matches are available for
only some treated units, the analyst may choose to discard the unmatched units, but if the remain-
ing observations are unrepresentative the resulting estimator may be biased (or, equivalently, is
an unbiased estimate of a different quantity), or inefficient. In most real applications with covari-
ates sufficiently rich to make ignorability assumptions plausible, insufficient units can be exactly
matched.

If a satisfactory result is infeasible via exact matching, analysts must choose one of the exist-
ing approximate matchingmethods, the best practice for which involves two separate steps. The
first step drops control units (and sometimes treated units) outside the common empirical support
of both groups or in the sample region requiring extrapolation. The second step then matches the
treated unit to some control observatioñX that, if not exactlyX, is close by some metric. The
second step of most existing approximate matching procedures can be distinguished by the choice
of metric. For example, nearest neighbor Mahalanobis matching choose the closest control unit
to each treated unit (among those within the common empirical support), using the Mahalanobis
distance metric (with a variance matrix estimated fromX). For another example, nearest neighbor
propensity score matching first summarizes the vector of covariate values for an observation by
the scalar propensity score, which is the probability of treatment given the vector of covariates,
estimated in some way, typically via a simple logit model. Then the closest control to each treated
unit is used as a match, with the distance defined by the absolute difference between the two scalar
propensity score values. (Instead of using the nearest neighbor with Mahalanobis or propensity
score metrics, some use optimal, subclassification, full matching, or other algorithm.) Since the
second step in existing algorithms do not guarantee an improvement in balance except under spe-
cialized conditions, the degree of imbalance must be measured, the matching algorithm must be
respecified, and imbalance checked again, etc., until a satisfactory solution is reached. (For ex-
ample, the correct specification of the propensity score cannot be measured by the usual measures
of fit, only by whether matching on it achieved balance between the treated and control groups.)
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Many other combinations of these approximate matching algorithms and other innovations have
been proposed for specific types of applications.

An additional problem for existing approximate matching methods is that most of the tech-
nologies used for matching in the second step are unhelpful for completing the first step. For
example, the propensity score can be used to find the area of extrapolation only after we know that
the correct propensity score model has been used. However, the only way to verify that the correct
propensity score model has been specified is to check whether matching on it produces balance
between the treated and control groups on the relevant covariates. But balance cannot be reliably
checked until the region of extrapolation has been removed. To avoid this type of infinite regress,
researchers use entirely different technologies for the first step, such as kernel density estimation
(Heckman, Ichimura and Todd, 1997) or dropping control units outside the hyper-rectangle (Iacus
and Porro, 2008, forthcoming) or convex hull (King and Zeng, 2006) of the treated units. The
method we introduce below avoids these problems by satisfying both steps simultaneously in the
same algorithm.

2.5 Post-Matching Estimation

Matching methods are data preprocessing algorithms, not statistical estimators. Thus, after pre-
processing, some type of estimator must be applied to the data to make causal inferences. For
example, if one-to-one exact matching is used, then a simple difference in means betweenY in the
treated and control groups provides a fully nonparametric estimator of the causal effect. When the
treated and control groups do not match exactly, the estimator will necessarily incorporate some
modeling assumptions designed to span the remaining differences, and so results will be model-
dependent to some degree (King and Zeng, 2007). Preprocessing via matching can greatly reduce
the degree of modeling necessary and thus also the degree of model dependence (Ho et al., 2007).

Under a matching method that produces a one-to-one match (or in general any match that has
a fixed positive number of treated and control units across strata), any analysis method that might
have been appropriate without matching can alternatively be used on the matched data set with
the benefit of having a lower risk of model dependence (Ho et al., 2007) or alternatively specially
designed nonparametric methods (Abadie and Imbens, 2007).

When different numbers of control units are matched to each treated unit — or in general if
different numbers of treated and control units appear in different strata, as in exact matching —
the analysis model must weight or adjust for the different stratum sizes. In this situation, the sim-
plest SATT estimator is a weighted difference in means between the treated and control groups,
or equivalently a weighted linear regression ofY on T , (using weights defined in Appendix B).
We can go farther by running trying to span the remaining imbalance via a weighted regression of
Y on T andX. In either regression, the coefficient onT is our SATT estimate. (When strata in-
clude many observations, one can instead estimate a statistical model within each stratum without
weights and average the results across stratum weighted on byms

T .) Nonlinear (or linear) models
may also be fit to all the data and used to predict, for each treated unit, the unobserved potential
outcome under controlYi(0) given its observed covariate valuesXi, with the treated unit-level
estimated causal effects averaged over all treated units. A final approach, which has an empirical
Bayes flavor, would be to take a weighted average of each estimatedYi(0) with the average value
of Y among control units (with weights based on how well the model fits).

2.6 Quantifying Estimation Error

Existing methods can be used to accomplish this goal by applying some algorithm, checking af-
terward to see whether balance between treated and control groups has been achieved, tweaking
the matching method, applying it again, checking balance again, etc. We derive the precise point
of this balance checking here, as well as its connection to the real goal: accurate estimation of the
causal effect. For simplicity, we analyze the case where the analysis method used after preprocess-
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ing is the simple difference in means.
We begin by writing the potential outcomes for each unit as

Yi(t) = gt(Xi) = gt(Xi1, . . . , Xik). (1)

wheret = 0, 1 andgt is an unknown function (cf. Imai, King and Stuart, 2008). If (1) included an
error term that affectsYi(t) but is unrelated toT , it would be implied by the ignorability assump-
tion. Our results would not be materially changed if it were included, except we would have to
add expected values or probability limits. We omit it here for simplicity and because the concepts
of repeated samples from the same data generation process, and samples that grow without limit,
are forced analogies in many observational data sets. In addition, since for expository purposes we
consider, without loss of generality, the case whereYi(1) is observed andYi(0) is estimated, we
shall only needg0 for the rest of this paper.

We now decompose the unit-level treatment effect,TEi, into the estimated treatment effect,
T̂Ei = Yi(1)− Ŷi(0), and the error in estimation. We do this by substituting into the definition of
the true treatment effectYi(1) = T̂Ei + Ŷi(0) as follows

TEi = Yi(1)− Yi(0)

= [T̂Ei + Ŷi(0)]− Yi(0)

= T̂Ei + [g0(X̃i)− g0(Xi)] (using Equation 1)

= T̂Ei + E0(X̃i, Xi)

whereE0(X̃i, Xi) ≡ g0(X̃i)− g0(Xi) = Ŷi(0)− Yi(0) is the unit level treatment effect error (not
an expected value). Then we aggregate this over treated units into SATT:

SATT =
1

nT

∑
i∈T

TEi = ŜATT + Ē0 (2)

where

Ē0 ≡
1

nT

∑
i∈T

E0(X̃i, Xi) =
1

nT

∑
i∈T

[g0(X̃i)− g0(Xi)] (3)

is the average estimation error and̂SATT =
∑

i∈T T̂Ei/nT .
The ultimate goal of matching-based estimators is to reduce the absolute matching error,|Ē0|,

so that estimation can proceed with minimal levels of model-dependence, or equivalently with
minimal bias if the difference of means is used. This goal can be parsed into two (nonadditive)
components. The first component of matching error is theimbalancebetween the control and
treatment groups, or in other words the difference between the empirical distribution of the pre-
treatment covariates for the control groupp(X̃|T = 0) and treated groupp(X|T = 1) in some
chosen metric (such as those discussed in Section 2.7). The second component is theimportance
of each of the variables and their interactions in influencingY given T . The two components
are formalized in (3), where the difference betweenX̃i andXi represents local imbalance for
treated observationi and the unknown functiong0 represents the importance of different parts of
the covariate space.

If preprocessing results in exact matches between the treatment and control groups, imbalance
is eliminated and|Ē0| vanishes, no matter whatg0 is. When that lucky situation does not occur, the
two components must be considered together. For example, a large imbalance in one variable that
has little effect onY does not matter much, whereas a small imbalance in a variable that has large
effect onY may lead to larger biases. Thus, whereas reducing imbalance is the crucial operational
short-term goal, the ultimate goal is controlling estimation error.
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2.7 Measuring Imbalance

We now briefly review existing methods of assessing imbalance between the treated and control
groups and then introduce a new method designed to avoid difficulties with prior approaches.3

The goal is to summarize the difference between the multivariate empirical distribution of the
pre-treatment covariates for the treatedp(X|T = 1) and matched controlp(X̃|T = 0) groups.

Unfortunately, the vast majority of matching applications do not check balance at all. Al-
most all of the smaller number which do check balance merely compare the univariate absolute
difference in means in the treated and control groups

I
(j)
1 =

∣∣∣X̄(j)
mT ,w − X̄(j)

mC ,w

∣∣∣ , j = 1, . . . , k (4)

whereX̄
(j)
mT ,w and X̄

(j)
mC ,w denote weighted means, with weights appropriate to each matching

method.
This is a reasonable indicator, but not by itself. Indeed, sometimes researchers argue that

matching only the mean is necessary because most analysis models used after or in place of match-
ing (such as regression) only adjust for the mean. However, the purpose of matching is to reduce
model dependence, and so it does not make sense to assume that the analysis model is correct,
as implied by this argument; for model independent inferences, matching as much of the entire
empirical distribution as possible must be the goal.

Thus, some few go further and compare other univariate moments, univariate density plots,
propensity score summary statistics, or the average of the univariate differences between of the
empirical quantile distributions (Austin and Mamdani, 2006; Imai, King and Stuart, 2008; Ru-
bin, 2001). Except for the occasional discussion about using the differences in covariances, re-
searchers almost uniformly ignore all aspects of multivariate balance not represented in these
simple variable-by-variable summaries. Unfortunately, improving on current practice by apply-
ing existing methods of comparing multivariate histograms — such as Pearson’sχ2, Fisher’sG2,
or models for contingency tables — would work poorly because of the numerous zero cell values
in most applications.

Our alternative idea to measure the multivariate differences betweenp(X|T = 1) andp(X̃|T =
0) via anL1-type distance. We first choose the number of bins for each continuous variable via
standard automated univariate histogram methods and with categorical variables left as is (see Sec-
tion 6.6.1).4 Then, we cross-tabulate the discretized variables asX1 × · · · × Xk for the treated
and control groups separately, and record in each cell thek-dimensional relative frequency for the
treatedf`1···`k

and controlg`1···`k
units, where the number of bins or levels of categorical variables

`j may vary for eachXj . Then our measure of imbalance is the absolute difference over all the
cell values:

L1(f, g) =
∑

`1···`k

|f`1···`k
− g`1···`k

| (5)

where the summation is over all cells of the multivariate histogram. An important property is
that the typically numerous empty cells do not affectL1(f, g), and so in addition the summation
in (5) has at mostn terms. The relative frequencies also control for potentially different sample

3In order to avoid inducing sample selection bias, modern matching procedures ignore information from the im-
portance component of matching error and focus instead only on the imbalance component. Unfortunately, the natural
metric for the degree of imbalance as it affects estimation error is a function of importance (see (3)). (Statisticians have
learned to avoid hypothesis tests in evaluating imbalance (Imai, King and Stuart, 2008) but otherwise are left with a
wide variety of imbalance measures.)

4If prior information indicates that some variables are more important than others in predicting the outcome, one
might choose to use more bins for that variable. Either way, the bin sizes must be defined ex ante and so is not necessarily
related to any matching method, including our proposal.
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sizes between the treated and control groups. Equation 5 is similar to Cochran and Rubin (1973)
except that we directly compute the empirical density and require no normality assumption in the
definition.

Denotefm andgm as the empirical frequencies for treated and control units after the match
corresponding tof andg before, and use the same discretization for both the treated and control
units. Then a good matching method will result in matched sets such thatL1(fm, gm) ≤ L1(f, g).
We also sometimes useL(j)

1 for each covariate separately in order understand how the overall
imbalanceL1 projects onto each dimension.

Since the units ofL1 are not on the scale of the original variables, we also recommend exam-
ining variable-level measures such as the first few moments and several quantiles of each variable,
but this is primarily to get a feel for the data. We also propose a more sensitive variable-level mea-
sure for use in comparing matching solutions, as follows. (It is not defined in the original data and
so cannot be used to study the reduction in imbalance.) Because any matching method produces a
set ofS strata, we define a measure oflocal imbalanceas

I
(j)
2 =

1
S

S∑
s=1

∣∣∣X̄(j)
ms

T
− X̄

(j)
ms

C

∣∣∣ , j = 1, . . . , k (6)

wheres = 1, . . . , S are the strata generated by the matching method andX̄
(j)
ms

T
andX̄

(j)
ms

T
are the

empirical means of variableXj for the treated and control units for observations in the stratas.

3 Coarsened Exact Matching
Because the method we offer here is so simple, we describe it here, before characterizing the
general class of MIB methods into which it falls. The method is also part of the diverse set
of approaches based on subclassification (aka “stratification” or “intersection” methods). We
call our particular method CEM for “Coarsened Exact Matching” (or “Cochran Exact Matching”
since, although variants of it had already been used for decades, the first formal analysis of any
subclassification-based method appeared in Cochran 1968). As we show, CEM can be thought of
as the “Columbus egg” of matching in the sense that it has always been available, requires no com-
plicated concepts, algorithms, or mathematics, and ameliorates a wide range of causal inference
problems with only simple changes in existing methods.

The basic idea is to coarsen each variable by recoding so that substantively indistinguishable
values are grouped and assigned the same numerical value (groups may be the same size or dif-
ferent sizes, depending on the substance of the problem). Then the “exact matching” algorithm is
applied to the coarsened data to determine the matches. Finally, the coarsened data are discarded
and the original (uncoarsened) values of the matched data are retained. This procedure there-
fore assigns to matching the task of eliminating all differences between the treated and control
groups beyond some chosen level. Differences eliminated include all multivariate nonlinearities,
interactions, moments, quantiles, and other distributional differences beyond the chosen level of
coarsening. The remaining differences are thus all within small, coarsened strata and so are highly
amenable to being spanned by a statistical model without risk of much model dependence.5

CEM produces variable sized strata. If this is not convenient and enough data are available,
users can produce a one-to-one match by randomly selecting the desired number of treated and
control units from those within each stratum, although the properties of CEM also hold if other
methods of selection are used (see Section 6.3).

5Coarsening is a well-studied statistical procedure. Statisticians have also studied how to recover the underlying
patterns in the data if coarsening prior to observation is too aggressive, and under what conditions coarsening can be
ignored (Heitjan and Rubin, 1991).
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3.1 Coarsening Choices

The key to understanding the coarsening step is recognizing that coarsening is almost intrinsic
to the very act of measurement. Even before the analyst obtains the data, the quantities being
measured are typically coarsened to some degree. Just as a photograph taken with more powerful
lenses produce more detail, so it is with better measurement devices of all kinds. Data analysts
take what they can get, but recognize that whatever they get has likely been coarsened to some
degree first.

But coarsening frequently does not stop once the analyst has the data. Data analysts recognize
that many measures include some degree of noise and, in their ongoing efforts to find a signal
amidst the noise, often voluntarily coarsen the data themselves. For example, political scientists
often recode the 7-point partisan identification scale as Democrat, independent, and Republican;
Likert issue questions into agree, neutral, and disagree; and multi-party vote returns into winners
and losers. Many social scientists use a broad three or four category measure for religion, even
when information is available for numerous specific denominations. Occupation is almost always
coarsened into three or four categories. Economists and financial analysts commonly use highly
coarsened versions of the U.S. Security and Exchange Commission industry codes for firms even
though the same data source offers far more finely grained coding. Epidemiologists routinely
dichotomize all their covariates on the theory that grouping bias is much less of a problem than
getting the functional form right. Coarsening is also common for Polity II democratization scores,
the International Classification of Disease codes, and numerous other variables.

Under the CEM algorithm, the user chooses a level of coarsening for each variable they are
willing to live with based on the substance of their problem — but only for the purpose of match-
ing. Following matching, CEM returns the matched data with its original values intact. Since the
original values can still be used in a model at the analysis stage to estimate the causal effect, the
coarsening involved in our method involves considerably less onerous assumptions than that made
all the time by researchers in routine data analysis where the coarsening is permanent. Indeed,
whereas coarsening in routine data analysis discards some information about the original codes,
the coarsening step in CEM discards no information, since the original values of all matched vari-
ables are passed on to the analysis stage. Of course, although coarsening in CEM is safer than at
the analysis stage, the two procedures are similar in spirit since the coarsened information in both
is thought to be relatively unimportant — small enough with CEM to trust to statistical modeling
and in data analysis to ignore altogether.

Coarsening is thus a highly familiar data analysis procedure. Because it is so closely related to
the substance of the problem being analyzed and works variable-by-variable, data analysts under-
stand how to decide how much each variable can be coarsened without losing crucial information.
The CEM procedure requires a coarsening operator and the values the operator produces, which
we now introduce more formally.

3.2 The Coarsening Operator

The purpose of the coarsening operator is to recode each variable, one at a time, such that all
values assumed by the analyst to be substantively indistinguishable (for the purpose of matching)
are given the same value. The result is a coarsened (or “grouped” or “aggregated”) version ofX.
We first define the operator and then discuss the values the operator assigns.

Denote byΞj the set on which variableXj takes values, which may be the real line, the set
of integers, or another abstract set (such as labels for nominal variables, ordered labels for ordinal
variables, etc.), and letΞ = Ξ1×Ξ2×· · ·×Ξk be the product space on which the data setX lives,
i.e. X ∈ Ξ. Denote the number of distinct observed values of variableXj asθ∗j , where we collect
the set of all these counts asθ∗ = {θ∗1, . . . , θ∗k}. WhetherXj is categorical or continuous,Xj will
never have more thann distinct values and soθ∗j ≤ n. We also define a setΘj = {1, . . . , θ∗j}
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(j = 1, . . . , k), as well as thek-dimensional set of indexesΘ = Θ1 ×Θ2 × · · · ×Θk.
Then defineθj as the number of distinct values the userchoosesvariableXj to have as coars-

ening, whereθj ≤ θ∗j ≤ n for all j and for all variables asθ = {θ1, . . . , θk}. Then define the
coarsening operator asGθ(X) = G(X; θ) : Ξ × Θ 7→ Ξ, where the amount of coarsening is
determined byθ. Of course, if the number of distinct values for all variables is the same as the
original data set thenGθ∗(X) = X. Although written in matrix form, this operator works variable
by variable, with the result being a copy of the original data set in which each value is recoded
accordingly.

3.3 Values of the Coarsened Variables

We now define the specific values which the recodedXj will have once the data are coarsened.
In all cases, these values may be chosen in a completely customized way for each variable. What
we offer here are reasonable operational defaults for continuous, nominal, and ordered variables,
respectively, and some examples of when they each would and would not apply in real applications.
Analysts typically know enough about their variables so that the coarsened groups can be defined
based on the substance of the variables rather than these defaults, our software allows this, and we
recommend it.

For continuous variables, denote the range ofXj asRj = Mj −mj whereMj = max
i=1,...,n

Xij

andmj = min
i=1,...,n

Xij . Then, the userchoosesε such that0 < εj ≤ Rj . The limiting case

εj = 0 is excluded,εj = Rj corresponds to all the observations grouped in a single interval, and,
ε∗j = Rj/θ∗j is the initial coarsening level. The relationship between the number of distinct values
Xj is coarsened into by choosingθj , and the length of each intervalε, is

θj ≤ min
(

θ∗j ,

⌈
Rj

εj

⌉)
(7)

where the functiondxe is the ceiling function, which rounds up to the first integer equal to or
greater thanx. So, for a fixedθj , the corresponding value ofεj is such thatεj ≤ Rj/θj , if
1 ≤ θj < θ∗j andεj = ε∗j for θj = θ∗j . But of course, in applications, we chooseεj or θj by (7).

For example, denoteθ = (θ1, θ
∗
2, . . . , θ

∗
k) and letX1 be a numeric variable. DefineGθ(X) =

X̃, whereX̃ is a data set̃X = (X ′
1, X2, . . . , Xk) with X ′

1 obtained fromX1 by grouping it into
θ1 < θ∗1 intervals, each of lengthεj . If annual income is measured to the penny, then it is difficult
to see objections to setting theεj interval length to be $1.00. In most applications, however, the
interval could be a good deal larger without any real loss of relevant information. For one, it
could reasonably be set to the average uncertainty a respondent would likely have about his or her
income or the daily variability in actual income. For the wealthy, this can be a large figure. For
data with people of many different incomes, the user may wish to letεj vary with the value of
the variable, presumably with larger values for larger incomes. And of course, in most cases, we
recommend that the user to set the coarsening groups to be unequal; for example, smaller intervals
may be useful for lower incomes and with $0 a logically distinct group. In these situations, our
proofs below change only slightly (replacingε with its maximum).

The second category of variables are nominal, which we treat as fixed and do not coarsen
unless the user makes specific choices for how the coarsening would take place. For one example,
imagine a survey question about religion that asks for about the specific denomination, including
say 6 protestant denominations, 3 Jewish, 1 catholic, and 2 Muslim. For this example, a reasonable
choice for some applied problems would be to coarsen to these broader categories. Of course, for
some problems, where the differences among the denominations with the broad categories were
of substantive importance, this would not be advisable. Similar examples would include the U.S.
Security and Exchange Commission code for firms, which is published in a hierarchy designed for
use by coarsening, occupation codes, etc.
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Our final variable type is ordered factors. Since most ordered variables are approximately in-
terval or intended to be approximately interval valued, our default procedure is to treat them as
such. We thus use our procedure for coarsening continuous variables and setθj to some smaller
value thanθ∗j , such as[θ∗j /2]. Like any default, this is not universally applicable, and better choices
may be available in some applications. For example, most 7-point Likert scales have a prominent
neutral category and so can often best be coarsened intoθj = 3 groups as: {completely disagree,
strongly disagree, disagree}, {neutral}, {agree, strongly agree, completely agree}. It pays to re-
member that although data analysts often make decisions just like this, CEM coarsens only for
the purposes of matching, after which we pass through the original values of the uncoarsened
variables.

4 Classes of Matching Methods
The matching literature includes many methods, but only a single class of methods has been char-
acterized, the so-called Equal Percent Bias Reducing (EPBR) methods. In introducing EPBR,
Rubin (1976c) wrote “Even though nonlinear functions ofX deserve study. . . , it seems reason-
able to begin study of multivariate matching methods in the simpler linear case and then extend
that work to the more complex nonlinear case. In that sense then, EPBR matching methods are
the simplest multivariate starting point.” Thus, in addition to EPBR, we describe a new class,
called Monotonic Imbalance Bounding (MIB) methods, which covers this multivariate nonlinear
case and other features. (For expository purposes, we also introduce a class that falls logically
inbetween which we call Imbalance Bounding (IB).)

Each class of matching methods is designed to avoid, in different ways, the problem of making
balance worse on some variables while trying to improve it for others — EPBR by changing
the imbalance on all variables at the same time by the same amount, and MIB by changing one
variable’s imbalance while not affecting maximum imbalance on the others. In addition, whereas
EPBR (and IB) methods fix the matched sample size ex ante and balance is computed ex post, MIB
methods fix balance ex ante and produce a matched sample size ex post. Satisfying EPBR requires
a matching method with certain properties as well as data of a special type, whereas satisfying
MIB requires a matching method with certain (different) properties but no restrictions on data
types. CEM is the simplest method within the MIB class, but many others could be constructed.

4.1 Equal Percent Bias Reducing Methods

SupposeX is the realized value of a random matrixX which is drawn from a density with ex-
pected valuesµt ≡ E(X|T = t), (for t = 0, 1). Denote bynT andnC , respectively, the number
of treated and control units in the original data. LetmC denote the number of control units chosen
ex ante to be remaining after matching from thenC available control units, such thatmC/nC ≤ 1
(and as per Section 2.3,mT = nT .) Then we define:

Definition 1 (Equal Percent Bias Reducing (EPBR); Rubin (1976b)). An EPBR matching so-
lution satisfies

E(X̄mT − X̄mC ) = γ(µ1 − µ0), (8)

whereX̄mT = 1
mT

∑
i∈T∩M Xi and X̄mC = 1

mC

∑
i∈C∩M Xi are random variables repre-

senting the sample means in the matched data set,M ⊂ (T ∪ C) is the subset of indexes of the
matched treated and control units,γ ≤ 1 is a scalar interpreted as the proportionate reduction in
mean-imbalance, and̄XmT , X̄mC , µ0, andµ1 arek-dimensional vectors.

A condition of EPBR is that the number of matched control units be fixed ex ante (Rubin,
1976a, p.110) and the particular value ofγ be calculated only after the fact, which we emphasize
by writing γ ≡ γ(mC). (The term “bias” in EPBR violates standard statistical usage and refers
instead to the equality across variables in the reduction in covariate imbalance.)
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If the realized value ofX is sampled randomly from its density, then (8) can be expressed as

E(X̄mT − X̄mC ) = γE(X̄nT − X̄nC ) (9)

whereX̄nT = 1
nT

∑
i∈T Xj andX̄nC = 1

nC

∑
i∈C Xi. So the right side of (9) is the average

mean-imbalance in the population that gives rise to the original data, and the left side is the average
mean-imbalance in the population subsample of matched units. The EPBR property means that
improving balance in the difference in means on one variable also improves it onall others and
their linear combinations.

One limitation of EPBR is that it only controls the means of the covariates and says nothing
about other moments, interactions, or nonlinear relationships. Another issue is that no method of
matching meets EPBR in general. To address these issues, Rosenbaum and Rubin (1985a) consider
special conditions where controlling the means enables one to control all expected differences
between the multivariate treated and control population distributions. For this property to hold, we
require the following additional conditions

(a) X is drawn randomly from a specified populationX,

(b) The population distribution forX is an ellipsoidally symmetric density (Rubin and Thomas,
1992) or a discriminant mixture of proportional ellipsoidally symmetric densities (Rubin and
Stuart, 2006), and

(c) The matching algorithm applied is invariant to affine transformations ofX.

Under these special conditions, there is no risk of decreasing any type of expected imbalance in
some variables while increasing it in others. Checking balance in this situation involves checking
only the difference in means between the treated and control groups for only one (and indeed,
any one) covariate. (Under some further conditions, Rubin and Thomas (1992) give the maximum
level of imbalance reduction possible for an EPBR method. Although it is not known in general
which EPBR method attains this bound, an estimate of the maximum value may provide useful
guidance about how well the search is going.)

Rubin and Thomas (1996) give some simulated examples where certain violations of these
conditions still yield the desired properties. In other situations, unfortunately, applied researchers
cannot be confident that these conditions hold. The common violations that occur in practice are
of course why the best researchers work (and why they have to work) so hard to try to improve
balance on all variables, rather than checking just one. When observational data sets are not drawn
randomly, condition (a) is violated. Only rare observational data sets in many fields are composed
solely of continuous variables, and relatively few applications would entirely fit this particular class
of densities, thus violating (b) (although see Rubin and Stuart (2006) on conditionally discriminant
mixtures of proportional ellipsoidally symmetric distributions). Of course, researchers can ensure
condition (c) by choosing an algorithm appropriately, such as based on nearest neighbor applica-
tions of the propensity score, Mahalanobis distance (without weights), or discriminant matching.
Since these methods satisfy Definition 1 only in data where conditions (a) and (b) happen to hold,
we describe the methods aspotentially EPBR.

In practice, even if conditions (a)-(c) hold, EBPR compliant methods are more useful for
applications that also satisfy two additional conditions:

(d) All covariates inX are equally important in their effect on the outcomeY ; and

(e) Y is a linear function ofX.

Without these additional conditions, we know we can reduce imbalance equally across all vari-
ables, but only with these conditions do we also know that this equal reduction in mean-imbalance
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translates into an equal reduction in bias in estimating the ultimate quantity of interest. The prob-
lem of course is that very few applications have equally important covariates and only a subset
have linear functions.

4.2 Monotonic Imbalance Bounding Methods

We now introduce our alternative class of matching methods by generalizing and modifying EPBR
in five steps.

First, assume (9) and drop all the associated data conditions so that our class will apply to all
data types. Second, we note that balancing only the expected value of the population distribution
of the treated and control groups under (9), rather than the observed values, can lead to inefficient
estimation (which explains the otherwise counterintutive result that matching on the estimated
propensity score is more efficient than using the true score; Hirano, Imbens and Ridder 2003).
Thus, consider a slightly modified version of (9) where the random variables and expected values
are replaced by their sample counterparts, and in addition (for later convenience) the equality is
replaced by an inequality:|X̄mT − X̄mC | ≤ γ|X̄nT − X̄nC |, which we write more simply as

|X̄mT − X̄mC | ≤ δ (10)

whereδ = γ|X̄nT − X̄nC |. Equation (10) states that themaximum imbalancebetween treated
and control units, as measured by the absolute difference in means, is bounded from above by
some constantδ. Analogous to EPBR, one would usually prefer when the bound on imbalance is
reduced due to matching,γ = δ/|X̄nT − X̄nC | < 1, but dropping EPBR’s associated conditions
implies (for now) that this is not guaranteed.

Third, we generalize (10) to allow for any measure of imbalance between the distributions of
treated and control units, rather than merely the mean. To do this, denote byXnT andXnC the
subset of treated and control units in the original data and byXmT andXmC the subsets of treated
and control units produced by the matching algorithm. Then, for clarity at this intermediate step,
we define formally:

Definition 2 (Imbalance Bounding (IB)). A matching method is Imbalance Bounding with re-
spect to a functionf and a distanceD, or simply IB(f,D), if

D (f (XmT ) , f (XmC )) ≤ δ (11)

whereδ is some constant.

Thus, EPBR is a version of IB whereD(x, y) = E(x−y), f is the sample mean of the marginal
distribution ofXj (for j = 1, . . . , k), δ = γD (f (XnT ) , f (XnC )), the inequality replaces the
equality, andγ < 1.

Although quite abstract, this definition of IB becomes natural whenf andD are specified.
Assumef(·) = fj(·) is a function solely of the marginal empirical distribution ofXj . Then
consider the following special cases:

• Let D(x, y) = |x − y| andfj(X ) denote the sample mean for the variableXj of the ob-
servations in the subsetX . Then, equation (11) becomes|X̄mT ,j − X̄mC ,j | ≤ δ, which is a
bound on the imbalance as measured byI1 of (4). The analogous result holds iffj(·) is the
sample variance, thek-th centered moment, theq-th quantile, etc.

• If fj(·) is a univariate histogram ofXj , then consider the mean absolute difference of the
frequencies between the distributions of treated and control units. This is equivalent to defin-
ing D asL(j)

1 in (5) one covariate at time, and so (11) represents a bound on the imbalance
in the full one-dimensional distribution.
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• If D(x, y) is the average absolute difference over the strata andfj(X ) = Xj , with a slight

abuse of notation, we obtain a bound on the measure of local imbalanceI
(j)
2 from (6).

• Let D(x, y) = |x| andf(·) = fjk(·) is the covariance ofXj andXk andδ = δjk we have
|Cov(Xj , Xk)| ≤ δjk.

• The full global imbalanceL1 for the k-dimensional distribution can also be obtained by
takingD equal to (5) andf(x) = x.

A matching method can be IB for all, some of the above, or other different specifications ofD
and f . However, the boundδ in (11) is not always meaningful per se, because most match-
ing methods bound some form of imbalance, so some comparison with the initial imbalance
D (f (XnT ) , f (XnC )) should be considered.

Fourth, IB methods may be of some interest in and of themselves when they improve balance
(i.e., γ < 1), but nothing about the class requires this outcome. To be more precise, given the
maximum imbalanceδ in (11) under IB, the inequality,δ/D (f (XnT ) , f (XnC )) = γ < 1, need
not hold true, even though it would usually be desirable if it did. To avoid this problem, we allow
the maximum imbalance to be controlledex anteandmonotonicallyinstead of being calculated
after the match. When this is the case, one can fine choose or tuneδ in order to guarantee that
γ < 1. We now introduce this generalization, which includes CEM as a particular case.

Finally, we put together the parts and add the ability to change balance on one subset of vari-
ables while not affecting imbalance on the complementary subset. Consider the class of matching
methods which produces subsets of treated and control unitsX π

mT
andX π

mC
on the basis of a given

vectorπ = (π1, π2, . . . , πk) of tuning parameters (such asε in CEM or some sort of caliper),
corresponding to thek covariates, such thatπj > 0 for j = 1, . . . , k. As in Definition 2, letf be
any function of the empirical distribution of covariateXj of the data (such as the mean, variance,
quantile, histogram, etc). Letπ andπ′ be twok-dimensional vectors and let the notationπ′ ≺ π
denote that the two vectorsπ andπ′ are equal on all components but one, which we denotej, for
which π′j < πj . Conversely, defineπ′ � π to mean that the two vectorsπ andπ′ are equal on all
components but one or more componentsj, for whichπ′j > πj .

Let J = {j1, j2, . . . , jm1} be a subset of{1, 2, . . . , k} covariates andH = {h1, h2, . . . , hm2}
the complementary subset, withm1 + m2 = k, i.e.

J ∪H = {1, . . . , k} and J ∩H = ∅ . (12)

Denote byγJ(πJ) = γj1j2,...,jm(πj1 , πj2 , πjm1
), fJ(XJ) = fj1j2,...,jm1

(Xj1 , Xj2 , . . . , Xjm1
) and

similarly for γH(πH) andfH(XH). Then we define:

Definition 3 (Monotonic Imbalance Bounding (MIB)). A matching method is called Monotonic
Imbalance Bounding with respect to a vector functionf = (fJ , fH)′ and a distanceD, or simply
MIB(f,D), if for anyJ andH as in (12) there exists a monotonically increasing vector function
γ(π) = (γJ(πJ), γH(πH))′ — i.e. ifπ′ ≺ π thenγ(π′) ≤ γ(π) — such that

D(fJ(X π
J,mT

), fJ(X π
J,mC

)) ≤ γJ(πJ)

D(fH(X π
H,mT

), fH(X π
H,mC

)) ≤ γH(πH)
(13)

with mT = mT (π) andmC = mC(π).

(In CEM, π = ε; in exact matching,π = 0.) Thus, the tuning parameterπ of an MIB
method boundsex anteandmonotonicallythe maximum imbalance in the difference of one or
more features of the empirical distribution of treated and control units matched without altering
the maximum imbalance in the complementary set of covariates and the number of treated and
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Figure 1:An example of a covariate for which minimizing mean-imbalance may be harmful. The example
also shows that increasing mean-imbalance for this variable under MIB can be used to match more relevant
features of the distributions (such as the shaded areas), without hurting mean-imbalance on other variables.
This would be impossible under EPBR.

matched units is obtainedex postas a result of the match. An MIB method is an IB method, with
the additional capabilities of controlling the inequality (11) ex ante, monotonically, and indepen-
dently for a subset of covariates without hurting on the rest. The converse is not true: an EPBR
method is not an MIB method becausemT andmC are fixed ex-ante. A matching method can be
MIB for all, some, or alternative specifications ofD andf given above. (A special case of (13) in-
volves separability in bounding selectively on each single variable, i.e. forJ = {j}, j = 1, . . . , k
andH = {1, 2, . . . , j − 1, j + 1, . . . , k}.)

4.3 Comparing EPBR and MIB

EPBR methods help with mean-imbalance in a linear context, whereas MIB methods help with
all forms of linear and nonlinear multivariate imbalance. Methods can only be potentially EPBR
given its associated data assumptions, whereas methods can be MIB, regardless of the data to
which it is applied. When EPBR and its associated conditions hold, the number of matched units
(mT andmC) are fixed ex ante and mean-imbalance is calculated only ex post, whereas under MIB
all chosen forms of maximum imbalance are fixed ex ante and monotonically by a simple tuning
parameter and the number of matched units are calculated ex post. (A class of methods could be
constructed which enabled one to set or bound both imbalance and the number of matched units
ex ante, but then many user choices would produce no results.) In EPBR, reducing imbalance on
one variable reduces expected population imbalance on all other variables by the same amount;
under MIB, one can reduce maximum in-sample imbalance on one variable without affecting the
maximum multivariate in-sample imbalance on the remaining variables. (For a hybrid approach,
see “equibias intersection matching methods”; Rubin 1976a, p.112.)

Choosing what to balance on can be crucial. In some situations, matching only the mean is
irrelevant, in which case EPBR’s property of forcing one to change balance for all variables at
the same time can be hazardous. As an example, consider Figure 1 which portrays a covariate
that is unimodal among treated units (see the solid line) but bimodal among control units (see the
dashed line), but for which the mean of both groups is zero. For this covariate, mean-imbalance is
essentially irrelevant, since the distributions do not overlap in the region near the mean. Instead,
this variable should be matched in the areas of common empirical support, indicated by the shaded
areas in the Figure. Applying an MIB method with these data enables one to increase the bound on
mean-imbalance on this variable in order to match other more relevant features of the distributions,
without hurting mean-imbalance or other types of imbalance on other variables. This would be
impossible under EPBR.

EPBR is defined for expected values of the covariates whereas MIB is defined for the observed
values in each sample. One way to think about this difference is that potentially EPBR methods
represent an attempt to approximate with observational data the classiccomplete randomization
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experimental design. In this design, observations are randomly selected, and each unit is ran-
domly assigned a value of the treatment variable. In contrast, MIB methods like CEM attempt to
approximate therandomized blockexperimental design, where values of the treatment variable are
assigned within strata defined by the covariates. Randomized block designs have perfect balance
in each data set on all observed covariates, whereas complete randomization designs are balanced
only on average across different experiments. Both are statistically unbiased. Randomized block
designs, as a result, are thus considerably more efficient, powerful, and robust than complete ran-
domization designs (see Box, Hunger and Hunter 1978, p.103 and Imai, King and Stuart 2008);
in an application by Imai, King and Nall (2008), complete randomization gives standard errors as
much as six times larger than the corresponding randomized block design.6

Finally, we offer some examples. CEM is MIB, as we show in the next section. Many other
methods are not MIB. Many have desirable properties, but not those associated with MIB meth-
ods. For example, while matching exactly on the Mahalanobis distance or propensity score are
potentially EPBR under specified distributional assumptions, they are not MIB. This can be seen
because as EBPR methods they require the number of matched observations(mT ,mC) to be fixed
ex ante, while MIB requires that the number of matched observations be an outcome of the method
rather than a tuning parameter. Nearest neighbor matching methods, including those based on Ma-
halanobis and propensity score metrics, are also not MIB, and these methods applied within a
scalar caliper, even when(mT ,mC) is an outcome of the method, are not MIB because the di-
mension of the tuning parameterπ in the definition has to bek in order to have separability as
in (13). Caliper matching as defined in Cochran and Rubin (1973) is not MIB because of the or-
thogonalization and overlapping regions; without orthogonalization, it is MIB if applied variable
by variable (although applications of it typically violate the congruence principle; see Sections
5.1-5.2). Other MIB methods are discussed in Section 6.3.

4.4 CEM as an MIB Method

We prove here that CEM has the MIB property with respect to many important definitions of
D and f from Section 4.2. To do this, we merely need to prove that CEM bounds important
univariate and multivariate aspects of the difference between the the treated and control groups.
For simplicity, but (unlike in EPBR) without loss of generality, supposeX is composed solely of
continuous variables. Then, after choosingε and applying CEM, our data fall in a set of strata,
each of which has the same coarsened values of all variables. Within each strata, the difference in
means of the original uncoarsened variableXj (for all j) between the treated and control groups is
at mostεj . Our results apply for one-to-one,j-to-k, andjs-to-ks matching for stratas. We discuss
the one-to-one case here and the more complicated situations in Appendix B.

Settingε in one-to-one CEM immediately implies a bound on the global difference in means
for Xj between the treated and control groups. (That is, the strata-level difference in means, each
of which is no longer thanεj , averaged over strata is also bounded from above byεj .) Settingε
also bounds many other features of the global difference in distributions between the treated and
control groups. We give evidence for this claim in two steps, first for the bound on local imbalance

6The increased efficiency of MIB methods can be seen in CEM by its ability to match all aspects of the distribution
of the treated and control units (greater thanε). That is, even if we somehow knew that in an observational study
E(X̄mT −X̄mC ) = 0, we could increase efficiency and reduce estimation error by continuing to improve the matching
solution until the realized values were such thatX̄mT − X̄mC = 0 and so that all other aspects of the empirical
distributions of treateds and controls match as well as possible. For another example, supposeX is composed of 10,000
observations on 20 variables drawn jointly from independent normal densities. Since 20-dimensional space is almost
incomprehensibly huge, odds are that no treated unit is anywhere near any control unit. Thus, some aspects of the
empirical balance will almost surely be very poor, meaning that estimation error and statistical bias can be very large,
despite the fact that the data generating process satisfies EPBR’s conditions by being ellipsoidally symmetric. The
only issue in trying to approximate a randomized block design with observational data is that observations may not be
available for some strata, in which case the estimand may change or even be essentially inestimable.
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and then for the effect of this local imbalance on global imbalance.

Local Imbalance Bounds We now discuss what happens to different measures of imbalance
locally within each strata. For the difference in variance between the treated and control groups,
we use the following result. Denote the variance ofz as S̄2 = 1

n

∑n
i=1(zi − z̄n)2, wherez̄n

is the arithmetic mean of thezi’s. Then, we use the upper bound of the von Szökefalvi Nagy-
Popoviciu inequality (Popoviciu, 1935):(R2/2n) ≤ S̄2 ≤ (R2/4), whereR is the range ofz.
For our problem, this result implies that the maximum variance between the treated and control
units within each strata after application of CEM isε2j/4. Then it follows immediately that the
difference in two variances, each bounded between 0 andε2j/4, is itself bounded from above by
ε2j/4.

The same approach applies to covariances: within each strata we know thatX̄j−Xij is always
bounded byεj , because the mean is internal, and the covariances are all bounded in absolute value
by the product of the coarsening levels:|Cov(Xj , Xk)| ≤ [S̄2(Xj)S̄2(Xk)]1/2 ≤ εjεk

4 , where
S̄2(Xj) andS̄2(Xk) are the variances of variablesXj andXk respectively. It is also easy show
that thek-th central absolute moment,E|X − X̄|k, is bounded byεk and, as a result, so is the
difference in all centered absolute moments between the treated and control groups. For the same
reason, measures of joint variation like co-skewness, co-kurtosis and comoments are also bounded.
And of course, the local imbalanceI2 in (6) is monotonically controlled byε as well.

Global Imbalance Bounds We begin by using the results just derived to show how settingεj

puts a bound on the global differences. In CEM,θj is the number of strata, as defined in (7).

Proposition 1. CEM is MIB with respect to the difference in the centered moments: LetD(x, y) =

|x − y|, f(XT ) = 1
θj

∑θj

s=1

∣∣∣XT
s,j − X̄mT ,j

∣∣∣k, andf(XC) = 1
θj

∑θj

s=1

∣∣∣XC
s,j − X̄mC ,j

∣∣∣k. Then,

D(f(XT ), f(XC)) ≤ εk
j

(
(θ∗j + 2)k − θ∗j

k
)

for j = 1, . . . , k.

(See the Appendix A for a proof.) In Proposition 1 the functionγ(ε) = εk
j ((θ

∗
j + 2)k − θ∗j

k) is
monotonic with respect to the tuning parameterεj . Sinceεj is chosen ex ante and fixed, andθ∗j is
the maximal number of strata for variableXj in a given data set, the inequality above establishes
a bound on the difference in centered moment after the match, which decreases withεj .

A corollary of Proposition 1 is that for a given sample and a fixed value ofθ∗j , a decreasing
εj also decreases the bound on the difference of variances:|S2

C,j − S2
T,j | ≤ 4(1 + θ∗j )ε

2
j , for

j = 1, . . . , k, whereS2
T,j = 1

θj

∑θj

s=1

(
XT

s,j − X̄mT ,j

)2
andS2

C,j = 1
θj

∑θj

s=1

(
XC

s,j − X̄mC ,j

)2
.

A similar logic shows CEM is MIB with respect to the univariate quantiles:

Proposition 2. Let D(x, y) = |x − y| and f(XT ) = QmT ,j , the qth empirical quantile of
the distribution of the treated units for covariateXj , and similarlyf(XC) = QmC ,j . Then,
D(f(XT ), f(XC)) = |QmT ,j −QmC ,j | ≤ εj , for j = 1, . . . , k.

(See the Appendix A for a proof.)
A final, but crucial, property of CEM is that the completek-dimensional histograms for the

treated and control groups, with bins that of at least lengthεj on each covariateXj (j = 1, . . . , k),
are exactly equal. Similarly, so long as the automated method of computing histogram bin sizes
in Section 2.7 uses bin sizes larger thanε, CEM will produceL1(f, g) = 0 (assuming the bin size
is a multiple ofε; otherwiseL1 will be approximately 0). This result shows that settingε locally
for each variable bounds all multivariate differences, for all levels of interaction, up to the chosen
level.
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5 Other Properties of Coarsened Exact Matching
The most important property of CEM is that it enables one to choose the acceptable level of
imbalance ex ante, on the scale of the variables one at a time, to apply the algorithm once, and
to be certain of the level of (global) balance you will get out at the end. Balance checking and
uncertainty about what balance you will get is eliminated. You get what you want rather than
getting what you get. Although of course fixing imbalance ex ante means that we learn the number
of observations in the matched set only as a consequence of this choice, this is as designed because
bias, which is affected by balance, is much more important in matching than efficiency, which is
affected by the number of observations. In this section, we discuss some additional advantages of
CEM, including a comparision to existing approaches.

5.1 Meeting the Congruence Principle

A crucial problem with many approximate matching methods is that they operate on a metric
different from the original data, and thus violate thecongruence principle. This principle requires
congruence between the data space and analysis space. Methods violating this principle lead to
less robust inferences with suboptimal and highly counterintuitive properties (Mielke and Berry,
2007).

The violation of the congruence principle in propensity score and Mahalanobis distance match-
ing methods is easy to see because both project the covariates from their naturalk-dimensional
space to a (different) one-dimensional quantity and match on that quantity: because different
matching solutions can map into the same place on the one-dimensional projection, reducing im-
balance on one variable will sometimes increase imbalance for others in unpredictable ways.

In contrast, CEM meets the congruence principle by operating in the space whereX was cre-
ated and its variables were measured, and regardless of whether the data are continuous, discrete,
or mixed. This is the space most understood by data producers and analysts and so the technique
should also be easier to understand as well. Examples of other matching methods that meet the
congruence principle include Iacus and Porro (2007, 2008).

5.2 Comparisons with Other Methods

Whereas CEM uses simple, fixed, non-overlapping intervals of local indifference, defined ex ante
based on the metric of each variable one at a time, nearest neighbor caliper matching Cochran
and Rubin (1973) uses orthogonalization and a more complicated geometry ofnT overlapping
hyper-parallelepipeds centered around each treated data point. The result is not MIB and does not
meet the congruence principle. If we modify the caliper approach by applying it to each variable
separately and without orthogonalization, it is MIB. For truly continuous variables, it also meets
the congruence principle. However, a large fraction of variables used in the social sciences are dis-
crete or mixed in complicated ways, in which case calipers (used separately or together with other
methods) violate the congruence principle. For example, CEM can make a variable like “years of
education” respect important milestones, like high school, college, and post-graduate degrees, by
appropriate coarsening into these categories. In contrast, caliper matching uses a different group-
ing of years of education for each treated unit (e.g.,±5 years) that would inappropriately combine
some units that span across these logical category boundaries, such as by matching one person
who failed out of college with another in graduate school. For another example, the difference in
income between Bill Gates and Warren Buffett is enormous in any one year; with CEM, we could
group them together, whereas a caliper for income would probably leave them unmatched. Similar
issues exist for lower levels of income (with different tax rate thresholds), age (at or near birth,
puberty, legality, retirement, etc.), temperature (phase transitions), and numerous other variables.

CEM is also related to a large number of other approaches related to subclassification (or
“stratification”), such as full matching, frequency matching, subclassification on the propensity
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score, and others. However, these approaches are not MIB in general, which can be seen because
the strata, and hence the degree of post-matching balance, are defined by the matched units rather
than being set out before the fact as in CEM. By having the ability to setεj differently for each
variable, CEM is also similar in spirit, although not methods, to various creative combinations of
approaches, such as Rosenbaum, Ross and Silber (2007). The core of the algorithm in CEM was
first studied formally in Cochran (1968), although we use it in different ways — such as by setting
εj to substantively meaningful values related to the metric of each variable rather than a minimal
and arbitrary number, using all available variables rather than only the major confounders, proving
many different properties, assuming finite rather than infinite samples, and introducing a range of
practical extensions.

Although CEM works by setting balance as desired and getting the number of matched units as
a result, and most other methods work in reverse, obtaining similar results with different methods
will often be possible when the specialized conditions required by previous methods hold (such as
the EPBR-related conditions detailed in Section 4.1). Under these conditions, however, CEM is
still considerably easier to use and understand and faster in computational and human time. When
these conditions do not at least approximately hold, CEM will usually be superior since balance
will be guaranteed on all higher order moments and interactions on all variables, something not
addressed by methods that are potentially EPBR unless their specialized restrictions on the data
hold.

To illustrate these connections, suppose we run optimal or nearest neighbor matching on the
Mahalanobis or propensity score distance with a fixed number of matched control units,mC . The
result would be some level of average imbalance for each variable. If we use this imbalance
to defineεj and apply CEM, we would usually obtain a similar number formC as set ex ante.
Similarly, consider a method and data that meet EPBR and the associated additional conditions
in Section 4.1, and run it given some fixed number of control unitsmC . Assume the maximum
imbalance can be computed explicitly (Rubin, 1976a, Equation 2.2), and defineγ as one minus
this maximum imbalance. In most situations, we would expect that running CEM would produce
a similar number of control units as fixed ex ante by the EPBR method.

5.3 Automatic Restriction to Common Empirical Support

As described in Section 2.4, all existing approximate matching procedures require a separate es-
sential analytical step prior to matching, where the observed data are restricted to the region of
common empirical support of the treated and control units. This eliminates the region where ex-
trapolations beyond the limits of the data would be needed. In contrast, users of CEM require no
separate step, as this process is intrinsic to the process of coarsening and matching. All observa-
tions within a coarsened stratum for which we have both a treated and control unit by definition
do not involve extrapolating beyond the data and so the observation will be included. Otherwise,
it will be removed. The process is easy, automatic, and no extra steps are required.

Since authors of matching applications appear to take the time to remove extrapolation regions
as infrequently as their scant efforts to check balance, the ability of CEM to implement both steps
simultaneously should greatly enhance compliance with proper data analysis procedures and the
accuracy of the causal inferences that result.

5.4 Approximate Invariance to Measurement Error

SupposeT is ignorable conditional on the pretreatment covariatesX∗, butX∗ is unobserved and
so we match instead onX, whereXj = X∗

j + ηj given a vector of measurement errorsηj for each
covariatej. For all commonly used matching methods operating in this situation, the matching
solution is directly affected by the degree of measurement error, even when other conditions they
may impose hold, and even if on averageE(ηj) = 0. In particular, balance with respect toX
does not imply balance with respect toX∗; the propensity score based onX is not a balancing
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CEM(KT ) CEM(KC) PSC(KC) MAH(KC) GEN(KC)
% Common Units 95.3 97.7 70.2 80.9 80.0

Seconds 0.07 0.07 0.08 0.15 126.64

Table 1: Percentage of units present in matched sets both before and after perturbation, averaged
over 5,000 simulations, and computational time. (For all methods but CEM,KT = 100%.)

score; and adjusting based onX instead ofX∗ will lead to biased estimates of the treatment effect
(Battistin and Chesher, 2004).

Under CEM, if measurement error is less thanεj , εj ≥ max(|ηj |), and ithappensto respect
the resulting strata boundaries, then CEM will produce the same preprocessed data set whether
matching onX or onX∗ and can be described as invariant to measurement error. Of course, the
second condition is unlikely to hold exactly in applications. However, we expect that, if the first
condition holds, the second condition will hold for many observations under many conditions. In
this alternative situation, CEM should be approximately invariant to measurement error, even if
not invariant.

We thus study the sensitivity of CEM and other matching methods to measurement error (in
the sense of Battistin and Chesher 2004). To do this, we use a real data set described in Section
7.1 and randomly perturb the earnings variable by adding with gaussian errorN(µ = 1000, σ2 =
10002) and replacing perturbed negative earnings with zero. We run 5000 simulations and at
each replication we match treated and control units before and after perturbation. Denote bymT

and mC the number of matched units before perturbation, andm′
T and m′

C the number after
perturbation. Then defineKT andKC as the number of treated and control units present in the
both subsets of matched units before and after the perturbation. To measure the sensitivity to
perturbation, we calculate the percentagesKT / min(mT ,m′

T ) · 100% andKC/ min(mC ,m′
C) ·

100%. For all methods but CEM,mT = m′
T while for all matching algorithmsmC 6= m′

C in
general. Table 1 reports the results. The analysis shows that CEM is considerably closer toinvariant
(i.e., less sensitive) to measurement error. Mahalanobis matching (MAH) and genetic matching
(GEN) preserve 80% of the total matched subset and propensity score matching (PSC) around
70%. In contrast, CEM preserves 95% of the treated units and 98% of the control units. Thus, to
some extent, coarsening also turns out to be a way to overcome measurement error, at least for the
(preprocessing) matching stage.

5.5 Bounding the Average Treatment Effect

To bound the average treatment effect, we first introduce a necessary slight constraint on the
possible range of functionsg0(x). We then derive the theoretical bound. The following as-
sumption restricts the sensitivity of the unknown functiong0(x1, . . . , xk) to changes in its ar-
guments: along each direction (i.e. along eachxj), g0 behaves like a Lipschitz function. Fol-
lowing the notation of section 3.2, denote byΞ−j = Ξ1 × Ξ2 × · · ·Ξj−1 × Ξj+1 × · · · × Ξk,
x−j = (x1, x2, . . . , xj−1, xj+1, . . . , xk) andg0(xj |x−j) = g0(x1, x2, . . . , xk).

Assumption 1 (Lipschitz behaviour). For each variablej (j = 1, . . . , k) there exists a con-
stantLj , 0 < Lj < ∞, such that, for any valuesx′j 6= x′′j of xj , maxx−j∈Ξ−j |g0(x′j |x−j) −
g0(x′′j |x−j)| ≤ Ljdj(x′j , x

′′
j ) wheredj(·, ·) is an appropriate distance for variablexj .

This assumption is very mild and says only that the function is bounded from taking infinite val-
ues on finite sets. In other words, given two valuesx′j andx′′j of the variablexj , the maximum
excursion ofg0, regardless of all possible values of the remaining variablesxi (i 6= j), is bounded
by the distance betweenx′j andx′′j times some finite constant. This means that given finite varia-
tion in one variable, the functiong0 does not explode. If this assumption does not hold,g0 could
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have strange properties, such that even arbitrarily small and otherwise irrelevant imbalance in the
covariates could produce an arbitrarily large estimation error in the ultimate quantity of interest.
This assumption certainly fits all functional forms used regularly in the social sciences.

Without loss of generality, we measure distance for numerical covariates asdj(x, y) = |x−y|.
For categorical variables we adopt the following definitions for convenience, and without loss of
generality since they do not affect the method. LetXj be a categorical variable andH be the set
of distinct values ofXj . Then, ifH ⊂ U , whereU is an abstract set of unordered categories, we
define the distance asd(x, y) = 1{x 6=y}, where1A = 1 for elements in setA and zero otherwise.
If, alternatively,H ⊂ O, whereO is the abstract set of ordered categories, the distance isd(x, y) =
|rank(x)− rank(y)|, whererank(x) is the rank/order of categoryx in H.

Then, the definitions in Section 2.6 imply directly that the estimation error,Ē0 ≡ SATT −
ŜATT, is bounded from above and below by|Ē0|, i.e.,−|Ē0| ≤ SATT − ŜATT ≤ |Ē0| and a
consequence of Assumption 1 is that|g0(Xi) − g0(X̃i)| ≤ maxj=1,...,k Ljεj . Therefore, for the
CEM algorithm, which keeps matched treated and control units for each covariate a maximum of
εj apart, we conclude that

|Ē0| ≤ max
j=1,...,k

Ljεj . (14)

Thus, settingεj locally for each variable directly bounds the estimation error of the causal quantity
of interest (SATT), not merely the imbalance between treated and control groups. (We discuss how
to estimate this in Section 6.6.2.)

5.6 Bounding Model Dependence

A key advantage of matching done well is that it should reduce model dependence. However,
no prior matching algorithm aside from exact matching is known to reduce model dependence in
every application. Thus, we show here that the maximum degree of model dependence is directly
controlled by settingε in CEM.

When exact matching is feasible, we estimateYi(0) ≡ g0(Xi) with one or more observed val-
ues ofY` for whichX̃` = Xi. When its infeasible, we resort to using a parametric or nonparametric
statistical modelm` to span the remaining imbalance. We do this by estimatingYi(0) ≡ g0(Xi) via
model extrapolation or interpolation, conditional on the entire matched data set asŶi(0) ≡ m`(X̃).
The question of model dependence is how muchm`(X̃) varies as a function of the definition of
m`.

For expository simplicity and without loss of generality, we consider the case whereX is a
one dimensional numerical covariate. We restrict the attention to the set of competing Lipschitz
models, as an analogy to Assumption (1), such that

Definition 4 (Competing models). Let mj , j = 1, 2, . . ., be models estimated on the matched
dataX̃ and consider the following class

Mh =
{

mj : |mj(x)−mj(y)| ≤ Kj |x− y|, such that |mi(X̃)−mk(X̃)| ≤ h, i 6= k

}
with exogenous choices of a small prescribed nonnegative value forh and0 < Kj < ∞.

In the definition ofMh, the Lipschitz constantsKj are proper constants of the modelsmj and,
given the specification ofmj , need not be estimated. The classMh represents competing models
which fit the observed data about as well, or in other words do not yield very different predictions
for the same observed values̃X; if this were not the case, we could rule out a model based on the
data alone.
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In this framework, for any two modelsm1,m2 ∈ Mh, we definemodel dependenceas
|m1(X̃i)−m2(X̃i)| (King and Zeng, 2007). This leads to our key result:

|m1(X̃)−m2(X̃)| =|m1(X̃)±m1(X)±m2(X)−m2(X̃)|
≤|m1(X)−m1(X̃)|+ |m2(X)−m2(X̃)|+ |m1(X)−m2(X)|
≤(K1 + K2)|X − X̃|+ h ≤ (K1 + K2)ε + h

Thus, the degree of model dependence is directly bounded by the choice ofε in CEM.

5.7 Computational Efficiency

The most important computational efficiency of the CEM algorithm, compared to existing ap-
proaches, is that the researcher can achieve the desired balance in a single step. More steps may be
needed to produce a solution with a reasonable number of observations but, with MIB properties,
the number of steps is normally very few in comparison; assessing the number of observations is
trival compared to ex post balance checks. In addition, each run of the CEM algorithm is simple
to implement, is fast because it scales linearly in the number of variables, and is not much more
complex than a simple tabulation procedure.

Consider the most computationally difficult case of continuous covariates. Assume a givenε
vector, which coarsens each variableXj into θj ≤ n intervals labeled with integers(1, . . . , θj).
This operation is of computational ordern and so fork variables is of orderkn. More specifically,
coarsening produces a matrix of integersGθ(X) in kn steps. Each row ofGθ(X) is then collapsed
into a character string,S(Gθ(X))7, which requiresn additional operations. Finally, we compute
a frequency tabulation of the vectorS(Gθ(X)), requiringn additional steps. The total number of
computations in CEM is thus(k + 2)n.

In contrast, Mahalanobis matching requires the inversion of ak×k matrix, with computational
orderk3, and propensity score matching requires this inversion for each iteration of fitting the
logistic or other regression. This is just for the matrix inversion step, without regard to the other
matrix computations to obtain the final distance, which are of ordern. For the most common
situation of largek and moderaten (e.g.,k = 35 andn = 1000), merely the construction of the
distance matrix is of computational order comparable to the whole CEM algorithm. In addition,
once the distance matrix is available, the nearest neighbor algorithm must be applied to determine
matches, which requires additional computational steps. Optimal matching algorithms require
even heavier burdens.

Similarly, naive implementations of commonly used matching methods require the storage of
the entirek×k matrix, and the finaln×n matrix of distances between observations, or its triangular
version of lengthn(n−1)/2. In contrast, CEM only requires a copy of the data as ann×k matrix
of integers and a subsequent vector of strings of lengthn. Even in computer systems with little
memory relative to sample size, these objects may be stored on disk and accessed sequentially in
CEM whereas with Mahalanobis or propensity score matching continuous non-sequential access to
the distance matrix must be maintained, most likely in RAM. These computational efficiency and
memory requirements for distance based methods are approximately the same for caliper-based
distance methods (Cochran and Rubin, 1973).

Thus, in terms of computational speed or memory usage, a generic implementation of CEM
easily outperforms existing methods. An example, with CEM programmed in R and the key parts
of other methods programmed in C is given in Table 1. In larger applications — such as microarray
analyses withk in the thousands andn in the dozens, or unstructured text analyses withk also in

7For example, we transform the row(1, 3, 6, 15, 1) into “1*3*6*15*1”. This procedure may be further optimized
by replacing the strings with fixed size binary allocations in 64 bit implementations, but we do not pursue this additional
efficiency here.
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the thousands, butn ranging from the thousands to the millions — CEM should work well even
though most prior approaches seem infeasible or at least not amenable to automation.

6 Extensions of Coarsened Exact Matching

6.1 Shifted Coarsenings

One seeming inconsistency with the basic CEM algorithm described in Section 3 is that it can be
sensitive to changes inX smaller thanε near stratum boundaries even though it is insensitive to
changes inX within strata. So what happens when a large fraction of data points are by chance
piled up right near the cutpoints between the strata? In this situation, all the properties of CEM
described in Section 5 still hold, but there may be an opportunity to increase the matched sample
size a bit more, given the same chosen balance level, even without relaxing any assumptions.

Thus our software runs the basic CEM algorithm several times, each with a fixed value ofε,
and thus a fixed stratum size, but with values of the cutpoints in the multidimensional histogram
shifted together by different amounts. We then output the single basic CEM coarsening solution
that maximizes the remaining sample size (mC +mT ). The number of shifted coarsenings and the
size of each may be chosen by the user, but our default is to try only three since we find that the
advantages of this procedure are small and additional improvements beyond this are not worth the
computational time. Whichever choice the user makes, all the properties of the basic CEM method
also apply to this slightly generalized algorithm.

6.2 Matching and Missing Data

When it comes to estimating causal effects in data with missing values, divergent messages are
putting applied researchers in a difficult position. One message from methodologists writing on
causal inference in observational data is that matching should be used to preprocess data prior
to modeling. Another message is that missing data should not be listwise deleted, but should
instead be treated via multiple imputation or some other type of proper statistical approach (Rubin,
1987; King et al., 2001). Although most causal inference problems have some missing data (and
indeed causal inference itself can be described as a problem of missing potential outcomes), its not
obvious how to apply matching in general while properly dealing with missing data. Indeed, we
know of no matching software that allows missing data for anything other than listwise deletion
prior to matching, and no missing data software that conducts or allows for matching. We offer
two options here enabled by our CEM approach.

The simplest approach is to treat missing values as merely one of the “observed” values within
individual variables, and to then apply CEM with coarsening used only for the non-missing values.
The default operation of our software uses this approach. In some situations, however, we might
wish to customize this approach to the substance of the problem by coarsening the missing value
with a specific observed value. For example, for survey questions on topics respondents may not
be fully familiar with, the answers “no opinion” and “neutral” may convey similar or in some cases
identical information, and so grouping for the purpose of matching may be a reasonable approach.
Since the original values of these variables would still be passed to the analysis model, special
procedures could still be utilized to distinguish between the effects of the two distinct answers.

Although this first approach to missing data and matching will work for many applications,
it will be less useful when the occurrence of missing values are to some extent predictable from
the observed values of other variables in complicated ways we do not necessarily foresee and
include in our customized coarsening operator. Indeed, this is precisely what the “missing at
random” assumption common in multiple imputation models is designed for. Thus, we also offer
an alternative approach that also works well with CEM.

The idea here is to multiply impute the raw data and then feed the imputed data into a mod-
ified CEM algorithm. The modification works by first placing each missing value in whichever
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coarsened stratum a plurality of the individual imputations falls. (Alternatively, at some expense in
terms of complication, the imputations could stay in separate strata and weights could be added.)
Then the rest of the algorithm works as usual. The key here is that all the original uncoarsened
variable values fed into CEM — in this case including themultipleuncoarsened imputed values
for each missing value — are output from CEM as separately imputed matched data sets. Then, as
usual with multiple imputation, each imputed matched data set is analyzed separately and the re-
sults combined. Thus, unlike with other matching procedures combined with imputation, multiple
imputation followed by this modified CEM algorithm will produce proper uncertainty estimates.

6.3 Further Local Tuning

CEM is the simplest method with MIB properties (and the properties in Section 5) and so may
have the widest applicability, but other improved methods could easily be developed for specific
applications by applying existing approaches within each CEM stratum. For example, instead of
retaining all units matched within each stratum and moving to the analysis stage, we could fine
tune local (i.e., sub-ε) imbalance further by selecting only some units within each stratum via
distance methods. Indeed, non-MIB methods can usually be made MIB if they operate within
CEM strata, so long as the coarsened strata take precedence in determining matches. Thus, full
and optimal matching are not MIB, but if applied within CEM strata would be MIB and would
inherit the properties given in Section 5. Genetic matching as defined in Diamond and Sekhon
(2005) is not MIB, but by choosing the variable-by-variable caliper option in GenMatch (Sekhon,
2008) it would be MIB, and when operating within CEM strata (as GenMatch now implements)
it would be MIB and would also meet the congruence principle. Alternatively, one could run the
basic CEM algorithm and then use either a synthetic matching approach (Abadie and Gardeazabal,
2003) or nonparametric adjustment (Abadie and Imbens, 2007) within each stratum.

For an alternative, partition the variables inX into two subsets, only the first of which includes
variables that have an important effect on the outcome. We surely want to match on the first subset
and would also like to match on the second so long as we do not lose many observations in the
process. Thus, one possibility in this case is to set elements ofε for the first subset as usual, but
to set elements corresponding to the second subset artificially high and to do further local tuning
by matching on the estimated propensity score or prognosis score (Hansen, 2008). This may help
when, for example, the user is indifferent within this second subset between matching well on
X1 and poorly onX2 vs. well onX2 and poorly onX1. Because the relative importance of the
variables is unknown, the propensity score, if correctly specified, would then make this choice on
the basis of the relationship betweenX andT which is also a key component of the estimation
error. When the correct specification of the propensity score is an issue, a better alternative in
some situations may be to avoid matching on the second subset of variables, or to adjust using
large values ofε, and to do the rest of the adjustment during the analysis stage where analysts have
more experience assessing model fit.

6.4 Multicategory Treatments

Under CEM, we setε and then match the coarsened data, all without regard to the values of the
treatment variable. This means that CEM works without modification for multicategory treat-
ments: after the algorithm is applied, keep every stratum that contains all desired values of the
treatment variable and discard the rest. This is a simple approach that can be easily used with or
in place of more complicated approaches, such as based on generalizations of the propensity score
(Imai and van Dyk, 2004; Lu et al., 2001; Imbens, 2000).

6.5 Blocking in Randomized Experiments

Since “blocking” (i.e., pre-randomization matching) in randomized experiments bests complete
randomization with respect to bias, efficiency, power, and robustness, it should be used whenever
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feasible (Imai, King and Nall, 2008; Imai, King and Stuart, 2008). Fortunately, CEM also works
for blocking without modification: After matching the coarsened pre-treatment covariatesX via
CEM, create the treatment variable by randomly assigning one (or more) of the units within each
stratum to receive treatment; the others are assigned to be control units. CEM also works with
multicategory treatments in blocking by randomly assigning observations within each stratum each
of the values of the treatment variable. Strata without sufficient observations to receive at least one
possible value of each treatment and control condition are discarded.

6.6 Automating User Choices

As described in Section 3, we recommend that users of CEM chooseε based on their knowledge
of the covariate measurement process and other substantive criteria such as the likely importance
of different variables. Although we have shown that making these decisions is relatively easy and
intuitive in most situations, users may sometimes want an automated procedure to orient them or
to make fast calculations. We offer several such approaches here.

6.6.1 Histogram Bin Size Calculations

We recommend that users chooseε based on the substantive criteria discussed in Section 3. When
further automation is necessary because of the scale of the problem, or to provide some orienta-
tion as a starting point, we note here that choosingε is very similar to the choice of the bin size
in drawing histograms. Some classic measures of bin size are based on the range of the data,
an underlying normal distribution, or the inter-quartile range. These are, respectively, known as
Sturges,∆st = (x(n) − x(1))/(log2 n + 1), Scott,∆sc = 3.5

√
s̄2
nn−1/3 (Scott, 1992), and Freed-

man and Diaconis (1981)∆fd = 2(Q3 − Q1)n−1/3. More recently, Shimazaki and Shinomoto
(2007) developed an approach based on Poisson sampling in time series analysis (in the attempt to
recover the spikes in the distributions), which we find works well. Our software implements these
approaches but also provides a way to specify non-constant bins for each variable, in which case
the correspondingε for our proofs is the maximal bin size.

6.6.2 An Estimated Bound

Assumption 1 is a natural part of standard observational data analysis, but it gives no hint how big
or small theLj ’s are. In practice, they can take any finite value, but their ranking implies a rough
order on the importance of each variable in affectingg0. That means that some insight about the
size ofεj in CEM (orπj in any MIB method) and its effect on the treatment effect may come from
information aboutLj . Thus, we note thatLj , for variablej (j = 1, . . . , k), may be estimated from
the data as:

L̂j = max
i1 6=i2∈C

|Yi1(0)− Yi2(0)|
dj(Xi1j , Xi2j)

, (15)

whereC = {i : 1 ≤ i ≤ n ∩ Ti = 0}. TheseL̂j are estimates from below of the trueLj ’s, but
they may still give insights about the relative importance of each variable ong0 for the given data.
Under additional assumptions ong0, the estimators of theLj may have better performance (e.g.
g0 is linear or well approximated by a Taylor expansion, etc.). Equation (14) is independent of the
number of matched treated unitsmT whenLj are known, but in general theLj are not independent
and can be estimated via (15). In such a case, the bound naturally depends onmT . Thus, although
knowing that CEM bounds SATT is an attractive property in and of itself, we can go further and
estimate the value of this bound witĥE0 given asÊ0 = maxj L̂jεj and use the termŝLjεj as a
hints during matching about which covariate may give rise to the largest estimation errors or bias
in estimating SATT. Although (15) uses the outcome variable, it only does so for control units, and
so inducing selection bias is not a risk.
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6.6.3 Progressive Coarsening

Under CEM, setting balance by choosingε may yield too few observations (mC + mT ) in some
applications. Of course, this situation reveals a feature of the data, not a problem with the method,
where the only real solution is to collect more data. In some circumstances, however, this situation
may cause users to rethink their choices forε and to rerun CEM. Although we prefer users to make
these choices explicitly, we offer here an automated procedure that may help users understand the
weaknesses in their data, identify the new types of data that would be most valuable to collect, or
help them rethink their choices aboutε.

Thus, if we choose torelax a CEM solution (that is increaseεj selectively) by usingθ′ such
thatθ′ ≺ θ (using notation from Section 4.2) then, because CEM is MIB,mT (θ′) ≥ mT (θ) and
mC(θ′) ≥ mC(θ). When different relaxations or coarsenings, sayθ′ andθ′′, lead to the same
total numbers of matched units,mT (θ′) + mC(θ′) = mT (θ′′) + mC(θ′′), then an automated
procedure needs a way to choose among these solutions that are for our purposes equivalent. We
discriminate among these by minimizing theL1 distance. Furthermore, although settingθj = 1
is equivalent to droppingXj from the match, we keepXj with θj = 1 to maintain comparability
because theL1 distance depends on the number of covariates (as with any measure of dissimilarity
in multidimensional histograms). In addition to keeping the number of covariates the same in this
way, we also keep the bins of the multidimensional histogram used to calculateL1 the same.

With these requirements, we adopt a heuristic algorithm which we first describe conceptually,
without regard to computer time, and then what we use in practice. Given the original user choice
of θ, the algorithm relaxes eachθj in increments of two, that isθ′j = θj − 2, until θ′j < 10 and
then by one or up to a user chosen minimally tolerable number of intervals,θmin

j . (We also shift
each intermediate solution as in Section 6.1.) We then repeat the procedure for pairs of variables,
(θi, θj), triplets (θi, θj , θk), etc.8 Combined with shifted coarsenings, an exhaustive procedure
with greater than triplets is feasible only via parallel processing, which happens to be is easy
to implement with CEM. In practice, however, there no need to explore all these combinations
of different coarsenings because even the basic application of CEM clearly reveals which data
are well matched overall and also with respect to how the treated and control units differ in the
multidimensional distribution. When we use this algorithm, we usually relax only one or two
variables at a time. We then also use the MIB property of CEM to provide convenient graphical
summaries of the results (see Section 7.1).

6.7 Avoiding the Dangers of Extreme Counterfactuals

In making causal inferences, the best current research practice is to eliminate extreme model de-
pendence by discarding observations outside the region of common empirical support (as discussed
in Section 5.3). Avoiding extreme model dependence is also an issue that applies to any type of
counterfactual inference — including causal inferences, forecasts, and what if questions. Often,
scholars do this by eliminating data in the region requiring extrapolation, outside the convex hull
of the data (King and Zeng, 2006). However, as is widely recognized, the hull may contain voids
with little data nearby where estimation would be model dependent. Similarly, regions may exist
just outside the hull, but near a lot of data just inside, for which a small extrapolation may be safe.

CEM can be used to avoid these problems with noncausal counterfactuals as follows. First
augment the covariate data set with a pseudo-observation that represents the values ofX for the
counterfactual inference of interest and then run CEM on the augmented data set. Observations

8Computational time increases exponentially with the number of joint relaxations and the number of variables. More
formally, if we consider joint relaxation ofv overk variables, and denote bȳθju the sequence of coarsenings for the
ju-th variable (̄θju = {θju , θju − 2, . . . , 10, 9, 8, . . . , θmin

ju
}), u = 1, . . . , v, there arè k

v

´
possible combinations

of v variables and for each combination|θ̄j1 | × · · · × |θ̄jv | combinations of relaxations should be attempted, with
j1 6= j2 6= jv ∈ (1, . . . , v).
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that fall in the same stratum as the pseudo-observation can be used to make a relatively model-free
inference about this counterfactual point, and so the number of such observations is a measure of
the reliability of an inference about this counterfactual. This is thus a small generalization due to
coarsening of a point emphasized by Manski (1995), who would use only exact matches orε = 0.

For the purpose of evaluating counterfactuals, it may be also worth repeating this procedure
after widening the definition ofε to include the largest values you would be willing to extrapolate
for your particular choice of dependent variable. For example, log-mortality for most causes of
death is known to vary relatively smoothly with age (Girosi and King, 2008), and so extrapolating
age by 10 or 20 years would normally not be very model dependent, except for the very young or
very old. Thus, we might setεage in this way, even though it might normally be set much smaller
for using the basic CEM algorithm where the goal would be to eliminate as much dependence on
these types of assumptions as possible. This additional procedure is of course more hazardous
since it involves assumptions about a specific outcome variable. It also may run into the curse of
dimensionality problems ifε is set too large. For example, even if extrapolating age by 10 years is
reasonable in an application, and extrapolating education by 4 years is also reasonable, evaluating a
counterfactual that involved simultaneously extrapolating 10 years of ageand4 years of education
beyond the data might well be unreasonable and produce model dependent inferences. Examples
like these are much less likely to occur or matter ifε is defined as we do for CEM.

7 Coarsened Exact Matching in Practice
Although the main advantage of CEM compared to other approaches may be the way it closely
connects the substance of each variable with the ultimate match, we compare the methods on other
grounds here. We start in Section 7.1 by showing how CEM reduces imbalance and illustrating
its MIB property via our progressive coarsening algorithm. We then show how CEM compares on
imbalance, bias, root mean square error, and computational time in data that fits (in Section 7.2)
and does not fit (in Section 7.3) EPBR’s associated data conditions.

7.1 Empirical Evidence on Achieving Balance

Data Our data are from the National Supported Work (NSW) Demonstration, a U.S. job training
program, first analyzed in this context by Lalonde (1986). Although a unique experimental target
result is not easily defined due to the apparent failure of random treatment assignment, we use
these data to assess the degree to which CEM can balance the data relative to other methods. The
program provided training to the participants for 12-18 months and helped them in finding a job.
The goal of the program was to increase participants’ earnings, and so 1978 earnings (re78 ) is the
key outcome variable. Pre-treatment variables were measured for both participants and controls,
including age (age ), years of education (education ), marital status (married ), lack of a high
school diploma (nodegree ), race (black , hispanic ), indicator variables for unemployment
in 1974 (u74 ) and 1975u75 ), and real earnings in 1974 (re74 ) and 1975 (re75 ). Some of these
are dichotomous (married , nodegree , black , hispanic , u74 , u75 ), some are categorical
(age andeducation ), and the earnings variables are continuous and highly skewed, with point
masses at zero. The conditions for EPBR to hold are violated.

Basic Analysis Table 2 reports several measures of the degree of imbalance in the original un-
matched data, including the difference in meansI1, the variable-by-variable distributional differ-
enceLj

1, and differences for the 25th, 50th, and 75th percentiles. The overall imbalance between
the treated and control groups in the original data is the distance between multidimensional his-
tograms,L1 = 1.149.9 Table entries that are exactly zero are left blank. An exact match returns
74 controls against 55 treated units.

9To compute this figure,re74 , re75 , age andeducation are discretized according to intervals of size 5000,
5000, 5 and 1, respectively.
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L1 I1 25% 50% 75%
age 0.18 0.18 1.00 1.00

education 0.15 0.19 1.00 1.00
black 0.00 0.00

married 0.02 0.01
nodegree 0.17 0.08 1.00

re74 0.07 101.49 69.73 584.92
re75 0.11 39.42 294.18 660.69

hispanic 0.04 0.02
u74 0.04 0.02
u75 0.09 0.05

Table 2: Measures of absolute imbalance in the distributions of treated and control units in the
original data. The global imbalance isL1 = 1.149, with nT = 297, nC = 425. An entry of
“0.00” indicates that at least the third decimal digit is nonzero; a blank entry denotes the number
is exactly zero.

L1 I1 25% 50% 75% I2

age −100.00 0.02 −2.63 0.03
education −86.70 −1.40 −7.69 −7.69 0.00

black −100.00 −0.13
married −100.00 −1.07

nodegree −100.00 −8.35 −100.00
re74 −100.00 −0.24 −0.18 −1.30 0.01
re75 −100.00 −0.07 −0.16 −1.39 0.01

hispanic −100.00 −1.87
u74 −100.00 −2.01
u75 −100.00 −4.51

Table 3: Imbalance reduction due to CEM compared to the original data (in Table 2), as a percent
of the range of each variable. Positive values forL1, I1, and the three quantiles means imbalance
increased (but by an amount less than the bound). The local imbalance,I2, is also reported.
Number of matched units:mT = 163, mC = 222. Global imbalance:L1 = 0.34.

We then match with CEM by definingε for the variablesre74 , re75 , age andeducation
via Sturges formula which returns, respectively, the valuesεre74 = 3957.1, εre75 = 3743.2,
εage = 3.8 andεedu = 1.3. The result gives 163 treated units matched with 222 control units,
with an overall imbalance ofL1 = 0.62. A summary of the percentage imbalance reduction due
to CEM, as compared to the absolute imbalance in the original data (reported in Table 2), is given
in Table 3.10

Although CEM only guarantees imbalance in the matched sample to be less than or equal to
the bound set by the chosenε, actual imbalance can be a good deal smaller for any one variable
because of the effects on this variable on bounding other variables or because the observations
within the chosen strata happen to contain better matches. We can see this if we rescale theε’s to
the length of the support of each variable. For example, for variableage we have:εage = 3.8 and

10Denoteimb0 the imbalance in the original data andimb the imbalance left after the match. Then, for columnL1,
Table 3 reportsimb/imb0 · 100%, columnsI1, 25%, 50% and75% report|imb − imb0|/|R| · 100%, and columnI2

givesI2/|R| · 100%, where|R| is the range of the corresponding variable.
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L1 I1 25% 50% 75% I2

age −100.00 1.41 −2.63 6.59
education −12.43 −0.99 3.50

black 400.00 0.54 0.67
married 151.67 1.62 3.37

nodegree −51.60 −4.31 6.73
re74 −100.00 0.08 0.40 3.36
re75 −100.00 0.24 −0.63 0.66 3.23

hispanic −100.00 −1.87
u74 −16.24 −0.33 2.36
u75 −70.13 −3.16 2.02

Table 4: Imbalance reduction due to Mahalanobis matching from the original data (in Table 2) as
a percent of the range of each variable. Positive values forL1, I1, and the three quantiles means
imbalance increased. The local imbalance,I2, is also reported. Global imbalance:L1 = 1.06,
mT = 297, mC = 297.

|Rage| = 38, henceεage/|Rage| · 100% = 10 which is considerably larger than the number 0.03
appearing in columnI2 of Table 3.

Finally, we also match the original data with Mahalanobis nearest neighbor matching, which
gives a global imbalance ofL1 = 1.06. Other imbalance measures are given in Table 4.

With CEM, theL1 measure is greatly improved overall and for each variable and always better
than the corresponding value for Mahalanobis matching. The difference in global imbalance when
comparing multidimensional histograms, as measured byL1, is almost unchanged by Mahalanobis
matching but greatly improved as a result of CEM.

Progressive coarsening We now illustrate the progressive coarsening extension of CEM intro-
duced in Section 6.6.3, which is useful when the number matched units are fewer than desired,
and you are willing to consider alternative values forε. Although we recommend choosingε on
the basis of substantive knowledge of the variables, for our methodological purposes we begin
this illustration by selectingε via Sturges automatic rule. We then relax each variable sequentially
decreasing the number of intervals of the discretization used to coarsen the data.

It took 2.9 seconds to perform 30 CEM relaxations. Figure 2 summarizes the results, which
both makes it easy to choose new values ofε and demonstrates the MIB properties of CEM. The
figure gives on the horizontal axis the name of the covariate relaxed (with the smaller number of
intervals used for the discretization in parentheses). The corresponding percentage of treated units
matched is reported on the left vertical axis with the absolute number on the right vertical axis.
Each dot on the plot is labeled with the value of theL1 measure for that particular CEM solution.
In this example, we chose minimal coasenings to constrain the algorithm (θmin

re74 = 6, θmin
re75 = 5,

θmin
age = 3, θmin

education = 3). The label “<start> ” on thex-axis represents the starting point, and
each successive change is listed to its right. The results are sorted in order from closest to this
starting point, on the left, to the biggest increases in sample size on the right (as is typical,L1

increases with the matched sample size in these data). The MIB property of CEM can be seen by
noting that multiple coarsenings for any one (color-coded) variable appears farther to the right as
the number of coarsened strata decline.

From the largest vertical jumps (on the right side of Figure 2), it is clear that variableage is
the most difficult variable for matching in these data, followed byeducation . Dots connected
by horizontal lines on the figure reveal different solutions with the same number of matched units,
some of which have different levels of imbalance,L1. In applications, we may also wish to
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Figure 2: Relaxation of each covariate, using CEM’s monotonicity property.

consider joint relaxation of variables, but we do not pursue this here.

7.2 EPBR Data

We consider here EPBR-compliant data. First, we draw two data sets from multivariate normal
distributions:XT ∼ N5(µT ,Σ) andXC ∼ N5(µC ,Σ), with with common variances(6, 2, 1, 2, 1)
and covariances,(2, 1, 0.4,−1,−0.2, 1,−0.4, 0.2, 0.4, 1), and means vectorsµT = (0, 0, 0, 0, 0)
andµC = (1, 1, 1, 1, 1). We randomly samplenT = 1, 000 treated units fromXT andnC = r ·nT

control units fromXC with r = 1, 2, 3. In this experiment, we compare Mahalanobis (MAH) and
propensity score (PSC) matching and CEM. For CEM, each covariate is coarsened into 8 intervals
of equal length. We also allow PSC and MAH the advantage of matching with replacement,
in order to help them avoid trivial solutions. That is, MAH and PSC matchmT = 1, 000 treated
units against a variable numbermC of control units, whereas CEM selects both treated and control
units (see Section 2.3).

Mahalanobis and propensity score matching should perform optimally in the sense of minimiz-
ing the difference in meansI1 after the match on average Rosenbaum and Rubin (1985b). CEM
is designed to constrain the local imbalance, that is, the maximum distance between a treated unit
and the corresponding matched control units, which we can measure withL1 overall andI2 for
each variable. (See Section 2.7 for definitions; ForL1 we divide each covariate into 11 equispaced
intervals to evaluate thek-dimensional histogram.)

Overall, we find that CEM is as good as the other methods in terms of the difference in means
(I1) for which these other methods were designed, but CEM is clearly superior in matching all
other local aspects of the treated and control distributions, as measured byI2 andL1.

These results can be seen in Tables 5 and 6, which report results for 1,000 and 3,000 control
units, respectively, withI1 reported in the top panel andI2 andL1 reported in the bottom panel of
each table. The tables also show that MAH is systematically worse than PSC and CEM. As would
be expected when there is more to the data than just the mean, CEM is better than PSC on the first
two covariates (which have much larger variances) whereas the contrary is true for the remaining
covariates. All these differences are relatively small. The tables also show that CEM is as fast
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or faster than the other methods computationally, and this is with CEM programmed in R and the
others in native C.

In terms of local imbalance, measured byI2 (in the bottom panel of each table), CEM is
considerably better than PSC on all covariates. We can also see that PSC is consistently worse
than MAH. So in terms ofI2, CEM clearly dominates MAH which in turn dominates PSC. The
same ordering is produced byL1. AlthoughL1 is not linear, and should primarily be used for
comparisons, it is evident that the imbalance reduction, as measured byL1, is very small for MAH
and PSC and quite large for CEM. This means that CEM is indeed greatly reducing the distance
between the twok-dimensional distributions of treated and control units.

X1 X2 X3 X4 X5 mT mC Seconds
initial imb. 1.00 1.00 1.00 1.00 1.00 1000 1000 0.00

CEM 0.04 0.02 0.06 0.06 0.04 341 340 0.08
MAH 0.20 0.20 0.20 0.20 0.20 1000 408 0.28
PSC 0.11 0.06 0.03 0.06 0.03 1000 616 0.16

X1 X2 X3 X4 X5 L1

CEM 0.42 0.26 0.17 0.22 0.19 0.78
MAH 0.56 0.36 0.29 0.36 0.29 1.13
PSC 2.38 1.25 0.74 1.25 0.74 1.18

Table 5: Imbalance in meansI1 (top panel) and local imbalanceI2 (bottom panel) remaining after
matching for each variable listed,X1, . . . , X5. Also reported are the number of treatedmT and
controlmC units remaining after the match (top) and the multivariateL1 measure of imbalance
(bottom). Results are averaged over 5,000 replications, withnT = 1, 000, nC = 1, 000. The
initial global imbalance isL1 = 1.24. (Computational times are in seconds on a 2.00 GHz Intel
Core 2 Duo machine.)

X1 X2 X3 X4 X5 mT mC Seconds
initial imb. 1.00 1.00 1.00 1.00 1.00 1000 3000 0.00

CEM 0.04 0.02 0.05 0.06 0.04 513 921 0.15
MAH 0.14 0.14 0.14 0.14 0.14 1000 625 0.60
PSC 0.07 0.04 0.02 0.04 0.02 1000 2157 0.40

X1 X2 X3 X4 X5 L1

CEM 0.38 0.24 0.16 0.21 0.17 0.75
MAH 0.51 0.32 0.25 0.32 0.25 0.89
PSC 2.40 1.26 0.75 1.26 0.75 0.99

Table 6: See caption to Table 5, which holds here exceptnC = 3000 and the initial global imbal-
anceL1 = 1.17.

Other regularities emerges from this analysis as well: all methods performs about as well as
the reservoir of control units (drawn from the same population) grows. Mahalanobis matching and
CEM agrees on the fact that not all the control units are good counterfactuals, and the numbers
of control units selected do not differ drastically. These results are also consistent with how the
methods were designed: PSC is designed to make means of the distributions closer but is not
intended to make any other aspect of the distributions match well. MAH matching takes into
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accounts the local characteristics of the data and so it is a better measure of local closeness and
thus matches more than just the mean. CEM is designed to look for the best counterfactuals locally
and match all aspects of the distributions. Only MAH behaves like a real EPBR method in reducing
the initial imbalance by (almost) the same amount on each covariate in terms ofI1.

Thus, given data drawn to meet EPBR conditions, the optimal approach would be to choose
a method based on the nature of theg0 function (i.e. linear/non linear, smooth/non-smooth, etc.)
and the relative importance of different covariates, if they are known, based on whether one needs
matching of more than the mean. The conservative approach, which is appropriate when little is
known about the real nature ofg0, seems to apply CEM, as it performs almost as the best EPBR
method under EPBR conditions in terms of what EPBR methods are designed for, and performs
much better for what CEM is designed for, at the cost of loosing some treated units. We show in
the next section that this cost is not binding in this decision.11.

7.3 Non-EPBR Data

We now evaluate CEM in data that violate the EPBR assumptions. To do this, we use the data
generation process chosen by Diamond and Sekhon (2005) to evaluate their genetic matching
algorithm. This involves using covariates chosen by Dehejia and Wahba (1999), a subset of the
Lalonde data, setting the (homogeneous) treatment effect to $1,000, and generatingY via this
highly nonlinear form:

Y = 1000 · T + 0.1 · exp (0.7 · log(re74 + 0.01 + 0.7 · log(re75 + 0.01)) + ε

whereε ∼ N(0, 10). The value of the treatment variable is then assigned to each observation on
the basis of a true propensity scoree, given by

ei = logit−1

{
1 + 0.5 · µ̂ + 0.01 · age 2 − 0.3 · education 2 − 0.01 · log(re74 + 0.01)2

+ 0.01 · log(re75 + 0.01)2
}

whereµ̂ is the linear predictor of the following misspecified logistic model used to estimate a
propensity score (as in Dehejia and Wahba 1999):

µ̂ = 1 + 1.428 · 10−4 · age 2 − 2.918 · 10−3 · educ 2 − 0.2275 · black − 0.8276 · hispanic

+ 0.2071 ·married − 0.8232 · nodegree − 1.236 · 10−9 · re74 2

+ 5.865 · 10−10 · re75 2 − 0.04328 · u74 − 0.3804 · u75

In each of 5000 replications from this process, we assign observationi of the treatment variable
by sampling from the Bernoulli distribution with parameterei, i.e.Ti ∼ Bern(ei), so the number of
pre-match treated and control units in the sample varies over replications. We then compare SATT
estimators based on the difference in means (RAW in Table 7), the nearest neighbor propensity
score matching (PSC), the nearest neighbor Mahalanobis matching (MAH), Genetic Matching
(GEN), and CEM using our automatically selected discretization.

As in Diamond and Sekhon (2005), we report results in terms of the bias (“BIAS”), standard
deviation (“SD”), and root mean square error (“RMSE”) of the SATT estimate over the 5,000

11We include genetic matching in our simulations in the next section, but skip it here because of unrealistic com-
putational times. Each genetic matching run takes about 2.5 minutes with 1,000 controls and about 4–6 minutes for
3000, which would mean about 75 hours to complete 1,000 replications only for genetic matching, compared to a total
of less than 2 hours for the total run time for all remaining methods taken together. We did run a small number of
genetic matching runs and find that it selects the same number of control units as Mahalanobis matching, with CEM
outperforming in terms ofI1. CEM is also better in terms ofI2 most of the time in each replication, although for some
variables (X3 andX5), the methods provide the same level of local imbalance.
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BIAS SD RMSE Treated Controls Seconds
RAW −423.72 1710.17 1622.63 151 293 0.00
MAH 784.80 1044.99 1077.20 151 151 0.03
PSC 260.45 1090.11 1058.28 151 151 0.02
GEN 78.33 621.02 505.55 151 143 27.31
CEM 0.78 400.31 111.38 86 151 0.03

Table 7: Comparison of bias, standard deviation, root mean square error, and computational speed
(seconds) for the original data (RAW), Mahalanobis distance (MAH), propensity score matching
(PSC), genetic matching (GEN), and CEM, with values over 5,000 Monte Carlo Replications.
Also given are the number of treated and control units selected by each method.

Monte Carlo replications. We also report the average number of matched units, which is lower
for CEM than for other methods, given the automated coarsening we chose (in practice of course,
coarsening should be chosen based on the substance of the variables). Despite this, CEM dom-
inates the other methods on each of the three evaluative criteria. Table 7 also gives results on
computational speed.

Overall, propensity score matching (with the given misspecified propensity score) doubles
the RMSE, and Mahalanobis matching cuts it by about a third, compared to no matching at all.
Compared to Mahalanobis matching, genetic matching approximately halves the RMSE, whereas
CEM cuts it by about 90%. And CEM (programmed in R) is about 900 times faster than genetic
matching (programmed mostly in C). Of course, each of these other methods have many potential
uses, and the timing differences in particular do not matter much for smaller data sets, but at a
minimum CEM would seem to be very widely applicable. (We ran other Monte Carlo experiments
with more difficult, complicated, or heterogeneous data generation processes — and also allowing
them to vary by keeping SATT constant and then letting it vary by also matching treated units —
and reached similar conclusions.)

8 Concluding Remarks on What Can Go Wrong
Our main goal in this paper has been to introduce the new class of MIB matching methods for
making causal inferences from observational data. We demonstrate the usefulness of this class of
methods by developing CEM as the simplest method with MIB properties. We conclude here with
a discussion of what can go wrong and how to avoid it.

Settingε appropriately is the primary issue to consider when running CEM. If an element of
ε is set too large, then information that might have been useful to produce better matches may
be missed. This is an issue, but analysts have a second chance to avoid the consequences of this
problem in the analysis after matching. Of course, the less precise the match, the more burden is
put on getting the modeling assumptions correct in the analysis stage.

In contrast, if elements ofε are set too small, then too many observations may be discarded
without a chance for compensation during the analysis stage. If they are set much too small, a
solution may either be unavailable or lead to a low efficiency solution. One must also be careful
allowing selection to occur on the treated units and to recognize and clarify for readers the new
estimand. As we use CEM in practice, we tend to choose higher standards for what constitutes
a match and thus are sometimes left in real observational data sets with fewer observations than
we might have otherwise, with the result being less covariate imbalance, less model dependence,
and less resulting statistical bias. In many cases, smaller CEM matched data sets eliminate much
heterogeneity, resulting also in causal estimates with smaller variances. With or without these
lower variances, the additional bias reduction means that CEM-based estimates will normally have
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lower mean square error as well. Of course, ifε is set as high as you are comfortable with, and
your matched data set is still too small, then no magical method will be able to fix this basic data
inadequacy, and you will be left trying to model your way out of the problem or to collect more
informative data.

When used properly with informative data, CEM can reduce model dependence and bias,
and improve efficiency, across a wide range of potential applications. Even when it is possible
to design a superior matching method specially for a particular data set, the simplicity of CEM
will ordinarily still be far better than the commonly used parametric-only approaches. In these
situations, users may opt for CEM, but they should be aware of the potential gain from delving
more deeply into the increasingly sophisticated methodological literature in this area.

Finally, all the issues with matching in general may also go wrong with CEM. For example,
CEM will not save you if an important covariate is not matched on, unless it is closely related to a
variable that is matched on.

A Proofs of Propositions
Proof of Proposition 1.We consider the treated-control difference in thek-th centered-moment.
Applying the binomial expansion,(a + b)k =

∑k
h=0

(
k
h

)
ahbk−h, to |XC

s,j − X̄mC ,j | gives:

|XC
s,j−X̄mC ,j |k ≤

(
|XT

s,j − X̄mT ,j |+ 2εj

)k
= |XT

s,j−X̄mT ,j |k+
k−1∑
h=0

(
k

h

)
|XT

s,j−X̄mT ,j |h (2εj)
k−h

from which we have

|XC
s,j−X̄mC ,j |k−|XT

s,j−X̄mT ,j |k ≤
k−1∑
h=0

(
k

h

)
|XT

s,j−X̄mT ,j |h (2εj)
k−h ≤ εk

j

(
(θ∗j + 2)k − θ∗j

k
)

and averaging over the strata returns the same bound.

Proof of Proposition 2.Consider theqth empirical quantiles of the distribution of the treated and
control units,QmT ,j andQmC ,j . That is,QmT ,j is theqth ordered observation of the subsample
of mT matched treated units, and similarly forQmC ,j . In one-to-one matching, the first treated
observation is matched against the first control observation in the first strata, and in general, the
corresponding quantiles belong to the same strata. Therefore,|QmT ,j −QmC ,j | < εj .

B CEM as an MIB Method with Variable Strata Sizes
The basic CEM algorithm producesks-to-js matching in each stratas, s = 1, . . . , θ, and so to
satisfy the conditions which apply locally after aggregating all the matched units across strata, we
must use weights at the analysis stage (with CEM or anyks-to-js matching algorithm). We give
three examples here how our results above hold in this general case.

First, consider stratas and assumems
T treated units have been matched againstms

C control
units. Then, for units in this stratum, set weights for the control and treated groups respectively as
ws

C = (mC/mT )(ms
T /ms

C) andws
T = 1. Then take the difference in the weighted means in one

variable (X̄w
mT

andX̄w
mC

), for simplicity dropping the indexj from the notation:X̄w
mT

− X̄w
mC

=∑θ
s=1

(
ms

T X̄ms
T
ws

T /mT

)
−

∑θ
s=1

(
ms

CX̄ms
C
ws

C/mC

)
, whereX̄ms

T
is the mean ofX in stratas

for the treated units and̄Xms
C

is the mean ofX in stratas for the control units, weighted byws
C .

Thus,
∣∣X̄w

mT
− X̄w

mC

∣∣ ≤ ∑θ
s=1

ms
T

mT

∣∣X̄ms
T
− X̄ms

C

∣∣ ≤ ε, because in each stratas, the difference in
treated and control unit means is always less thanε.

Second, for the weighted empirical distribution functions for treatedFw
mT

(x) =
∑

xi≤x wi
T /mT

and control groupsFw
mC

(x) =
∑

xi≤x wi
C/mC , wherewi

T = 1 for all treated uniti, andwi
C = ws

C ,
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if xi belongs to stratums and 0 otherwise. Then consider the first stratum, say[a, b], wherea is the
left-most cut point of the discretization andb = a + ε. ThenFw

mT
(a) = Fw

mC
(a) = 0. Moreover,

Fw
mT

(b) = m1
T /mT because there are at mostm1

T treated units smaller or equalb and, similarly,
we haveFw

mC
(b) = (m1

C/mC)(mC/mT )(m1
T /m1

C) = m1
T /mT . So, for each stratum, the differ-

ence between weighted empirical distribution functions at the end points of each stratum is always
zero. Therefore, if we define theweighted empirical quantileof sizeq as the first observationx
such thatF (x) ≥ q (whereF is eitherFw

mC
or Fw

mT
), the weighted quantiles of the same order for

treated and control units always belong to the same stratum and hence the difference between the
quantilex for the treated and control units, givenq is at mostε. Finally, using the same weights,
we also haveL1 = 0, if the bins of the multidimensional histogram coincide with the coarsening.
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